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Executive Summary

This Conceptual Design Report details a new experiment for Fermilab to measure the
muon anomalous magnetic dipole moment, or anomaly, at least a factor of four more precisely
than the E821 collaboration did at the Brookhaven AGS. The muon anomaly a, is a low-
energy observable, which can be both measured and computed to high precision, with both
theory and experiment having reached the sub-part-per-million (ppm) level of precision.
For many years, a, has played an important role in constraining models of “New Physics”
beyond the standard model, and will continue to do so in the LHC era. The Standard-Model
value has contributions from quantum electrodynamics (QED), the weak interaction, and
from strongly interacting particles in vacuum polarization and “light-by-light” scattering
diagrams.

The present experimental value appears to be larger than the expected Standard-Model
value by greater than three standard deviations, which could be a harbinger of New Physics,
and strongly motivates the new experiment. In addition to the expected experimental im-
provement of a factor of four, the uncertainly on the Standard-Model value will also be
improved. One very important recent theoretical development is that lattice calculations are
becoming relevant in the determination of the strong-interaction contributions.

BNL E821 has been a very high-impact experiment, with over 2000 citations to their four
major papers, and over 2200 citations to all of those reporting physics results.

E821 Citations

PRL (1999) + PRD (2000) (= =215)

PRL86, 227 (2001) (2 = 624)

300 PRL 89, 101804 (2002) (= = 437) =
PRL 92, 161802 (2004) (= = 486)

200

100

1999 2000 2001 2002 2003 2004 2005 2006 2007 2008 2009 2010 20112012

The experiment will also be optimised to improve significantly on the CP-forbidden electric
dipole moment (EDM) of the muon. This presents a unique opportunity to search for an
EDM of a second-generation particle. With proper design, the EDM sensitivity could reach
two orders of magnitude beyond the present limit of d,, < 1.8 x 107'® ecm obtained by BNL
E821.

A number of major components from E821 will be relocated to Fermilab and reused. The
precision 700 T superconducting storage ring magnet built at Brookhaven will be relocated
to Fermilab and installed in a new building on the Muon Campus. An 8 GeV proton beam
from the Booster Accelerator will be injected into the recycler ring, rebunched, and one
bunch at at time will be extracted to a a new pion production target at the location of the
former antiproton production target. The resulting pion beam will be transported to the
repurposed antiproton debuncher ring, now called the Delivery Ring, which will be used as
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a 1,900 m decay line. The resulting muon beam will be extracted from the Delivery Ring
and brought to the new MC1 building and injected into the muon storage ring. The MC1
building will be a general purpose building, suitable for the (¢ — 2) experiment, as well as
for future experiments on the muon campus.

While the storage ring magnet, power supply, and vacuum chambers are being reused,
the fast muon kicker, the electrostatic quadrupole system, the field monitoring and control
system, the detectors, electronics, data acquisition system will all be upgraded.

(includes intro, precision goal, scope, capabilities, cost and schedule)
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Chapter 2

Introduction and Physics Motivation

2.1 Introduction

This chapter gives the physics context of magnetic moment measurements, the Standard
Model expectations, along with the reach of such experiments to identify and constrain
physics beyond the Standard Model. Except for a broad-brush mention of the experimental
technique, the details are left for later chapters. Chapter 3 gives an overview of the exper-
imental method, and the subsequent chapters give the details. We attempt to follow the
WBS structure in those later chapters.

2.2 Magnetic and Electric Dipole Moments

The study of magnetic moments of subatomic particles grew up with the development of
quantum mechanics. For fermions the magnetic dipole moment (MDM) is related to the
spin by

= g% 2.1
A=gy 5 (2.1)

where Q = £1 and e > 0. Our modern interpretation of the Stern-Gerlach experiments [1]
is that their observation that: “to within 10% the magnetic moment of the silver atom is
one Bohr magneton” was telling us that the g-factor of the un-paired electron is equal to 2.
However, reaching this conclusion required the discovery of spin [3], quantum mechanics [4]
along with with Thomas’ relativistic correction [5]. Phipps and Taylor [6] repeated the
Stern-Gerlach experiment in hydrogen, and mentioned the electron spin explicitly. One of
the great successes of Dirac’s relativistic theory [7] was the prediction that g = 2.

For some years, the experimental situation remained the same. The electron had g =
2, and the Dirac equation seemed to describe nature. Then a surprising and completely
unexpected result was obtained. In 1933, against the advice of Pauli who believed that the
proton was a pure Dirac particle [8], Stern and his collaborators [9] showed that the g-factor
of the proton was ~ 5.5, not the expected value of 2. Even more surprising was the discovery
in 1940 by Alvarez and Bloch [10] that the neutron had a large magnetic moment.

In 1947, motivated by measurements of the hyperfine structure in hydrogen that obtained
splittings larger than expected from the Dirac theory [11, 12, 13], Schwinger [14] showed that

17
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18 CHAPTER 2. INTRODUCTION AND PHYSICS MOTIVATION

from a theoretical viewpoint these “discrepancies can be accounted for by a small additional
electron spin magnetic moment” that arises from the lowest-order radiative correction to the
Dirac moment!,

4] 1 e?
o =% —0.001162. (2.2)
[ 2w he
It is useful to break the magnetic moment into two terms:
h -2
u:(l—i-a);—m, where a = (92 ) (2.3)

The first term is the Dirac moment, 1 in units of the appropriate magneton eh/2m. The
second term is the anomalous (Pauli) moment [15], where the dimensionless quantity a
(Schwinger’s du/ 1) is sometimes referred to as the anomaly.

2.2.1 The Muon

The muon was first observed in a Wilson cloud chamber by Kunze[16] in 1933, where it was
reported to be “a particle of uncertain nature.” In 1936 Anderson and Neddermeyer[17]
reported the presence of “particles less massive than protons but more penetrating than
electrons” in cosmic rays, which was confirmed in 1937 by Street and Stevenson[18], Nishina,
Tekeuchi and Ichimiya[19], and by Crussard and Leprince-Ringuet[20]. The Yukawa theory
of the nuclear force had predicted such a particle, but this “mesotron” as it was called,
interacted too weakly with matter to be the carrier of the strong force. Today we understand
that the muon is a second generation lepton, with a mass about 207 times the electron’s.
Like the electron, the muon obeys quantum electrodynamics, and can interact with other
particles through the electromagnetic and weak forces. Unlike the electron which appears
to be stable, the muon decays through the weak force predominantly by p~ — e"v,.. The
muon’s long lifetime of ~ 2.2 us permits precision measurements of its mass, lifetime, and
magnetic moment.

2.2.2 The Muon Magnetic Moment

The magnetic moment of the muon played an important role in the discovery of the generation
structure of the Standard Model (SM). The pioneering muon spin rotation experiment at
the Nevis cyclotron observed parity violation in muon decay [21], and also showed that g,
was consistent with 2. Subsequent experiments at Nevis [24] and CERN [25] showed that
a, ~ «/(2m), implying that in a magnetic field, the muon behaves like a heavy electron. T'wo
additional experiments at CERN required that contributions from higher-order QED [26],
and then from virtual hadrons [1] be included into the theory in order to reach agreement
with experiment.

2.2.3 The Muon Electric Dipole Moment

Dirac [7] discovered an electric dipole moment (EDM) term in his relativistic electron theory.
Like the magnetic dipole moment, the electric dipole moment must be along the spin. We

LA misprint in the original paper has been corrected here.
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2.2. MAGNETIC AND ELECTRIC DIPOLE MOMENTS 19

can write an EDM expression similar to Eq. (2.1),

d=n (Qe) g, (2.4)

2me

where 7 is a dimensionless constant that is analogous to g in Eq. (2.1). While magnetic
dipole moments (MDMs) are a natural property of charged particles with spin, electric
dipole moments (EDMs) are forbidden both by parity and by time reversal symmetry.

The search for an EDM dates back to the suggestion of Purcell and Ramsey [28] in 1950,
well in advance of the paper by Lee and Yang [29], that a measurement of the neutron EDM
would be a good way to search for parity violation in the nuclear force. An experiment
was mounted at Oak Ridge [30] soon thereafter that placed a limit on the neutron EDM of
d, < 5x107% e-cm, although the result was not published until after the discovery of parity
violation.

Once parity violation was established, Landau [31] and Ramsey [32] pointed out that
an EDM would violate both P and T symmetries. This can be seen by examining the
Hamiltonian for a spin one-half particle in the presence of both an electric and magnetic
field,

H=—ji-B—d-E. (2.5)

The transformation properties of E, B , fi and d are given in Table 2.2.3, and we see that
while /i - B is even under all three symmetries, d - E is odd under both P and T. Thus the
existence of an EDM implies that both P and T are not good symmetries of the interaction
Hamiltonian, Eq. (2.5). The EDM is a CP-odd quantity, and if observed, would be the
manifestation of a new source of CP violation. The search for a muon EDM provides a
unique opportunity to search for an EDM of a second-generation particle.

Table 2.1: Transformation properties of the magnetic and electric fields and dipole moments.

d

Eéﬁor
-+ +

+ - -

H QT

Concerning these symmetries, Ramsey states [32]:

“However, it should be emphasized that while such arguments are appealing
from the point of view of symmetry, they are not necessarily valid. Ultimately
the validity of all such symmetry arguments must rest on experiment.”

Fortunately this advice has been followed by many experimental investigators during the
intervening 50 years. Since the Standard Model CP violation observed in the neutral kaon
and B-meson systems is inadequate to explain the predominance of matter over antimatter in
the universe, the search for new sources of CP violation beyond that embodied in the CKM
formalism takes on a certain urgency. Searches for a permanent electric dipole moment of
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the electron, neutron, and of an atomic nucleus have become an important part of the search
for physics beyond the Standard Model. The present limits on subatomic EDMs is given in
Table 2.2.3.

Table 2.2: EDM Limits for various systems
Particle | EDM Limit | SM value
(e-cm) (e-cm)
p [33] 7.9x 107%
n [34] 29x 10726 | ~ 10732
Y9Hg [33] | 3.1 x 1072 | ~ 107
e” [35] | 1.05x107%" | <107%
 [36] 1.8x 1071 | < 10738

2.3 Quick Summary of the Experimental Teachnique

Polarized muons are produced (see Chapter 7) and injected into the storage ring (see Chap-
ter 12). The magnetic field is a dipole field, shimmed to ppm level uniformity. Vertical
focusing is provided by electrostatic quadrupoles (see Chapter 13).

Two frequencies are measured experimentally: The rate at which the muon polarization
turns relative to the momentum, called w,, and the value of the magnetic field, normalized
in terms normalized to the Larmor frequency of a free proton, w,.

The rate at which the spin? turns relative to the momentum, &, = &g — J¢, where S and
C stand for spin and cyclotron. These two frequencies are given by

ws = —g;’?TZB —(1- 'y)f:lB; (2.6)
vo = B (2.7
Wy, = Wg—wg=— (g;2> Ci:B = —acijB (2.8)

(where e > 0 and @ = £1). There are two important features of w,: (i) It only depends on
the anomaly rather than on the full magnetic moment; (ii) It depends linearly on the applied
magnetic field. In the presence of an electric field w, is modified

2 — —
= m X FE
a,B + (au — () ) B
P c
If operated at the “magic” momentum pp.g. = m/\/a, ~ 3.09 GeV/c the electric field
contribution cancels in first order, and requires a small correction in second order.

w

m

Qe

2m

(2.9)

2The term ‘spin’ is often used in place of the more accurate term ‘polarization’
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2.4. RESULTS FROM E821 21

The magnetic field is weighted by the muon distribution, and also averaged over the
running time weighed by the number of stored muons to determine the value of w, which
is combined with the average w, to determine a,. The reason for the use of these two
frequencies, rather than B measured in tesla can be understood from Eq. 2.9. To obtain a,,
from this relationship requires precise knowledge of the muon charge to mass ratio.

To determine a, from the two frequencies w, and w,, we use the relationship

Wafwp, R
A+—(A)a/wp N >\+_R7

a, = (2.10)

where the ratio A\; = p,+/p, = 3.183 345137 (85) is the muon-to-proton magnetic moment
ratio [41] measured from muonium (the p*e™ atom) hyperfine structure[43]. Of course, to use
A4 to determine a,- requires the assumption of CPT invariance, viz. (a,+ = a,-; Ay = A_).
The comparison of R+ with R ,- provides a CPT test. In E821

AR =R, —R,+ = (3.6 £3.7) x 107* (2.11)

2.4 Results from E821

2.4.1 Measurement of a,

The E821 Collaboration working at the Brookhaven Laboratory AGS used an electric quadrupole

field to provide vertical focusing in the storage ring, and shimmed the magnetic field to £1
ppm uniformity on average. The storage ring was operated at the “magic” momentum,
Prmagic = 3.094 GeV/c, (Ymagic = 29.3), such that a, = (m/p)? and the electric field did not
contribute to w,.®> The result is [38, 39

@t = 116592 089(54) tar (33) syt (63)10r 1071 (£0.54 ppm). (2.12)

The results from E821 are shown in Fig. 2.1 along with the Standard-Model value which is
discussed below in Section 2.5

2.4.2 Measurement of the Muon EDM: d,

If the muon has an electric dipole moment (EDM) then the dominant effect in the spin

motion is the motional electric field proportional to B x B. This motional electric field
produces a torque on the EDM d x B x B that is perpindicular to B and 6 The result is is
an up-down oscillation of the spin out of phase with w,, as discussed below in Section 3.7.
No evidence for an up-down oscillation was seen, and the result is[36]

d, = (0.1 £0.9) x 107?e—cm; |d,| < 1.9 x 107 Pe—cm (95% C.L.), (2.13)

a factor of five smaller than the previous limit.

3The magic momentum was first employed by the third CERN collaboration [1].
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Figure 2.1: Measurements of a, from CERN and BNL E821. The vertical band is the SM
value using the hadronic contribution from Ref. [47] (see Table 2.3).

2.5 The Standard-Model Value of a,

In this section we present the standard model (SM) theory of the muon anomalous magnetic
moment (anomaly). In the following section we discuss physics beyond the standard model
(BSM) that could contribute to the anomaly at a measurable level. The conclusion is that
muon (g — 2) will play a powerful role in the interpretation of new phenomena that might
be discovered at the LHC. If new phenomena are not discovered there, then muon (g — 2)
becomes even more important, since it would provide one of the few remaining ways to search
for new physics at the TeV scale.

2.5.1 Introduction

The magnetic moment of the muon (or electron), which is aligned with its spin, is given by

— € —
i=g-25,  g=21+ay); (2.14)
Qmme S~——

Dirac

where the quantity ¢ is exactly 2 in the Dirac theory, () = £1 with e a positive number.
The small number a, the anomaly, arises from quantum fluctuations, with the largest con-
tribution coming from the single loop diagram in Fig. 2.2(a). This contribution was first
calculated by Schwinger [14], who obtained a = («/27) = 0.00116---. These calculations
have been extended to higher powers in /7, with the fourth- (a/7)? and sixth-order (a/7)?
contributions having been carried out analytically.

The electron anomaly is relatively insensitive to heavier physics, so in principle the
0.03 ppb measurement of the electron anomaly [67] should provide a test of QED, but
the few ppb precision of the independent measurements of o prevents this comparison. Al-
ternately, one can accept that QED is valid and use the electron anomaly to determine the
most precise measurement of « [68].
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Y eV
(a) (b) (©)

Figure 2.2: The Feynman graphs for: (a) The lowest-order (Schwinger) contribution to the
lepton anomaly ; (b) The vacuum polarization contribution, which is one of five fourth-order,
(a/7)?, terms; (c) The schematic contribution of new particles X and Y that couple to the
muon. The x indicates the virtual photon from the magnetic field.

The muon anomaly is an entirely different case. The relative contribution to the muon
anomaly of heavier virtual particles goes as (m,,/m.)?* ~ 43000, so with much less precision
when compared with the electron, the muon anomaly is sensitive to mass scales in the
several hundred GeV region. This not only includes the expected contribution of the W and
Z bosons, but perhaps contributions from new, as yet undiscovered, particles such as the
supersymmetric partners of the electro-weak gauge bosons (see Fig. 2.2(c)).

The standard-model value of a, has three contributions from radiative processes: QED
loops containing leptons (e, i, 7) and photons; loops containing hadrons in vacuum polariza-
tion loops where the ete™ pair in Fig 2.2(b) is replaced by hadrons; and weak loops involving
the weak gauge bosons W, Z, and Higgs such as is shown in Fig. 2.2(c) where X = W and
Y=v,or X =pand Y = Z. Thus

SM __ _QED hadronic weak
a, =a;" +a; + ay . (2.15)

The QED and weak contributions to the muon anomaly are now well understood at the level
needed for the comparison of Standard-Model theory with experiment.

The hadronic contribution must be determined from a dispersion relation using experimental

data, namely the cross sections for electron-positron annihilation to hadrons. The determi-
nation of this contribution represents a worldwide effort which was driven primarily by the
existence of BNL experiment E821. The possibility of a new Fermilab experiment has al-
ready stimulated further work that will certainly continue unabated if P989 turns into an
approved and funded experiment.

2.5.2 QED Contribution

The QED and electroweak contributions to a, are well understood. Recently the four-loop
contribution has been updated and the full five-loop contribution has been calculated [66].

We take the numerical values from the review by Miller, et al, [75] with the QED con-
tribution updated to the Hoécker and Marciano [70]. The QED contribution to a, has been
calculated through tenth order (five loops) [66]. The present value is

a P =116 584 718.951 (0.009)(0.019)(0.007)(.077) x 10~ (2.16)
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where the uncertainties are from the lepton mass ratios, the eight-order term, the tenth-
order term, and the value of o taken from the 8'Rb atom a~'(Rb) = 137.035999 049(90)
[0.66 ppb]. [69].

2.5.3 Weak contributions

The electroweak contribution (shown in Fig. 2.3) is now calculated through two loops [50,
51, 52, 53, 56]. The single loop result

Gpm2 | 10 1 )
a0 = TETn )20 (1 4sin? 0y)2 — o
°w 2
V28r? | 3 3 3
w Z

+ (’)(M‘; log ZZ>+ L demf)
Z m,u

= 194.8 x 107, (2.17)
was calculated by five separate groups shortly after the Glashow-Salam-Weinberg theory was

shown by 't Hooft to be renormalizable. With the present limit on the Higgs boson mass,
only the W and Z contribute to the lowest-order electroweak at a measurable level.

Figure 2.3: Weak contributions to the muon anomalous magnetic moment. Single-loop
contributions from (a) virtual W and (b) virtual Z gauge bosons. These two contributions
enter with opposite sign, and there is a partial cancellation. The two-loop contributions fall
into three categories: (c) fermionic loops which involve the coupling of the gauge bosons to
quarks, (d) bosonic loops which appear as corrections to the one-loop diagrams, and (e) a
new class of diagrams involving the Higgs where G is the longitudinal component of the gauge

bosons. See Ref. [54] for details. The x indicates the virtual photon from the magnetic
field.

The two-loop weak contribution, (see Figs. 2.3(c-e) for examples) is negative, and the
total electroweak contribution is [75]

a;" = 154(1) x 107" (2.18)

where the error comes from hadronic effects in the second-order electroweak diagrams with
quark triangle loops. and the latter comes from the uncertainty on the Higgs mass [52, 51,
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50, 17, 55]. The leading logs for the next-order term have been shown to be small [56]. The
weak contribution is about 1.3 ppm of the anomaly, so the experimental uncertainty on a,
of £0.54 ppm now probes the weak scale of the standard model.

Hadronic contribution

The hadronic contribution to a, is about 60 ppm of the total value. The lowest-order diagram
shown in Fig. 2.4(a) dominates this contribution and its error, but the hadronic light-by-light
contribution Fig. 2.4(e) is also important. We discuss both of these contributions below.

¥
v T 1 i
e H
H
(@) (b) (© @) (e)

Figure 2.4: The hadronic contribution to the muon anomaly, where the dominant contribu-
tion comes from the lowest-order diagram (a). The hadronic light-by-light contribution is
shown in (e).

The energy scale for the virtual hadrons is of order m,c?, well below the perturbative
region of QCD. Thus it must be calculated from the dispersion relation shown pictorially in
Fig. 2.5,

: 2 o d ot(eTe” — had
ahadilo — (amu) / —SK(S)R(S), where R= 2t ilee” = hadrons) : (2.19)
. 3 am2 52 olete — ptpu)

using the measured cross sections for e"e~ — hadrons as input, where K (s) is a kinematic
factor ranging from 0.63 at s = 4m?2 to 1 at s = co. This dispersion relation relates the
bare cross section for eTe™ annihilation into hadrons to the hadronic vacuum polarization
contribution to a,. Because the integrand contains a factor of s72, the values of R(s) at low
energies (the p resonance) dominate the determination of aj*&©, however at the level of
precision needed, the data up to 2 GeV are very important. This is shown in Fig. 2.6, where
the left-hand chart gives the relative contribution to the integral for the different energy
regions, and the right-hand gives the contribution to the error squared on the integral. The
contribution is dominated by the two-pion final state, but other low-energy multi-hadron
cross sections are also important.

These data for eTe™ annihilation to hadrons are also important as input into the deter-
mination of as(Mz) and other electroweak precision measurements, including the limit on
the Higgs mass [71].

In the 1980s when E821 was being proposed at Brookhaven, the hadronic contribution was
know to about 10 ppm. It now is known to about 0.4 ppm. This improvement has come from
the hard work of many experimental and theoretical physicists. The low energy ete™ data
of the 80s have been replaced by very precise data from the CMD2 and SND collaborations
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=
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|

(a) (b) (©)

Figure 2.5: (a) The “cut” hadronic vacuum polarization diagram; (b) The eTe™ annihilation
into hadrons; (c¢) Initial state radiation accompanied by the production of hadrons.

had,LO VP
a,

1.4 09

Figure 2.6: Contributions to the dispersion integral, and to the error on the dispersion
integral. Taken from Hagirawa, et al., [48]

in Novosibirsk, the KLOE collaboration at Frascati, and the BaBar collaboration at SLAC.
The new VEPP-2000 collider in Novosibirsk has been operational for several years, with two
upgraded detectors, CMD-3 and SND-2000. This new facility will permit both energy scans,
and the use of initial-state radiation to measure cross sections up to 2.0 GeV. Additional
data on multi-hadron final states are expected from the Belle detector at KEK and BES-III
at BEPC.

In addition to the collider experiments, significant theoretical work has been carried out
in generating the radiator functions used in the initial-state radiation (ISR) experiments, as
KLOE and BaBar [81, 82|, as well as on the hadronic light-by-light contribution shown in
Fig. 2.4(e).

The worldwide effort to improve our knowledge of the hadronic contribution continues
to this day [90, 91]. The most recent mr-final state measurements were reported by the
BaBar [83] and KLOE [86, 87] collaborations. An independent analysis of KLOE data
using the direct measurement of o(ete™ — n777)/o(eTe” — pt ™), which agreed well with
their previous analysis using the luminosity measurement and QED calculations, has been
recently published [92].

Muon (g — 2), and the determination of the hadronic contribution continues to feature
prominently in the international workshops Tau [84] and PHIPSI [85], where sessions were
devoted to all issues around muon (g —2). We emphasize that while this is a difficult subject,
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progress will continue to be made, provided that a new experiment does indeed go forward
at Fermilab.

Lowest- and next-lowest-order hadronic contribution

The cross sections at low energies dominate the dispersion relation, and until recently the
low-energy electron-positron storage rings in Novosibirsk and Frascati provided the bulk of
the new measurements. The Novosibirsk experiments CMD2 (cryogenic magnetic detector)
and SND (spherical neutral detector) collected data up to 1.4 GeV using the traditional
ete” energy scan. The KLOE experiment ran at a fixed energy around 1 GeV, either on
the ¢-resonance or just below it, using initial-state radiation to lower the collision energy
and provide the full energy range in a single measurement (see Fig. 2.5(c)). The BaBar
experiment also used the ISR technique, but operated at a much higher energy at or near
the Y(4s), which easily permitted observation of the ISR photon. At Tau2012 the Belle
experiment reported new results on the 777~ 7° final state [89] using ISR data. The ISR
(sometimes called “radiative return”) technique is possible because of the development of
the necessary theory [81, 82|, which provides the effective virtual photon spectrum, called
the “radiator function.”

While the KLOE experiment was limited to the 7y channel, the higher energy of the
PEP-2 collider permitted BaBar to detect the ISR photon and to measure many multiple
hadron final states along with the w7y final state, thus providing important data from
channels which were either very imprecise, or simply not available before. The first 7+7~
data from BaBar were released in August 2009 [83], and covered the energy range from
threshold to 3 GeV. Unlike the other experiments that used a calculated pu cross section for
the denominator in Eq. (2.19), the BaBar experiment measured the uu production directly
and took the ratio of experimental numbers to determine R(s) directly. This had the benefit
of canceling a number of systematic errors, and significantly lowered the uncertainty on the
cross section. I suggest to drop - If BaBar had used the calculated uu cross section,
the cross section errors would have been at the ~ 5% level, much too large to be
useful in the determination of azad.

Published cross sections from the BaBar, KLOE, CMD2 and SND experiments are shown
in Fig. 2.7. The KLOE re-analysis of their small-angle data using the ratio of the m7m pu
cross sections, compared large-angle data[87], and are displayed in Fig. 2.8 as the pion form
factor | F;;|?, which is related to the cross section by

2
iye?
Oete— sqta— = ¥6§F|Fﬂ—|2 (220)

They were analyzed by a different group of collaborators who worked independently from
those involved in the the KLOEOS8 [86] analysis.
Two recent analyses [47, 48] of the eTe™ hadroproduction data obtained:

aPtO = 6923 +£42x 107, (2.21)
at O — 6949443 x 107, 2.22
I

Important earlier global analyses include those of HMNT [72], Davier, et al., [73], Jegerlehner [74].
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Figure 2.7: The mm cross section from BaBar, CMD2, KLOE and SND. The lower left-hand
figure shows the threshold region, the right-hand figure shows a blowup of the p resonance
region. The sharp cusp comes from p — w interference.

720 The most recent evaluation of the next-order hadronic contribution shown in Fig. 2.4(b-d)
720 can also be determined from a dispersion relation, and the result is [48]

had:NLO __ —11
= (—Yo. .Oex Arad . .
a (—98.4 & 0.6exp & 0.4paq ) x 10 (2.23)
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Figure 2.8: The pion form factor |F,|* from KLOE2010 [87] and the re-analysis of the 2008
data [86] using the cross-section ratio described above [88]. The right-hand side shows the
fractional difference between the two analyses.

a*@tO from hadronic 7 decay
The value of aﬁad;LO from threshold up to m, could in principle be obtained from hadronic 7~

was first demonstrated by Almany, Davier and Hocker [76]. In the absence of second-class
currents, hadronic 7 decays to an even number of pions such as 7= — 7~ 7%, goes through
the vector part of the weak current, and can be related to eTe™ annihilation into 7#F7~
through the CVC hypothesis and isospin conservation (see Fig. 2.5.3?7?77) [76, 80]. The 7-data
only contain an isovector piece, and the isoscalar piece present in e™e™ annihilation has to be
put in “by hand” to evaluate aﬂad?LO. Until recently there were 3.5 to 4.5 standard deviation
differences when e*e~ data and the CVC hypothesis were used to determine the 7= — v, 7~ 7°
or 7~ — v.2n~ 77w branching fractions, when compared with the experimental values. Thus
until recently most authors [48, 75, 74] concluded that there are unresolved issues, most likely
incorrect isospin breaking corrections, that make it difficult to use the 7 data on an equal
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footing with the ete™ data. New isospin corrections reduced the disagreement between the
two methods [47]. However, none of the analyses using tau data have tried to combine
the CVC determined part with that obtained from ete™ data. Were this to be done, the
addition of the eTe™ data would decrease the overall tau-based evaluation of to a/’j“d. Even
so, the tau-based evaluation has to use eTe~ data to determine the isoscalar part, so that
the tau-based evaluation by Davier, et al., [47] can never be completely independent of the
ete™ data.

More recently, Jegerlehner and Szafron [77] appear to have resolved this problem by
calculating the correction from p — v mixing, which had not been included correctly in the
previous evaluations. A subsequent hidden local symmetry calculation [78, 79] further refines
these ideas and includes the 7-data in a combined analysis. They conclude that their analysis
yields a 4.7 to 4.9 o difference with the Standard Model.

We should note that the theoretical uncertainties on the dispersion relation in Eq. (2.19),
which assumes analyticity and the optical theorem, are negligible. The cross section that
enters in Eq. (2.19) is the bare cross section, and some of the early experiments were not so
careful in their reporting the data and being clear on what, if any radiative corrections were
applied. All of the modern experiments are well aware of these issues, and their reported
errors include any uncertainties introduced in determining the bare cross section.

(a) (b)

Figure 2.9: ete™ annihilation into hadrons (a), and hadronic 7 decay (b).

Hadronic light-by-light contribution

The hadronic light-by-light contribution, (Fig. 2.4(e)) cannot at present be determined from
data, but rather must be calculated using hadronic models that correctly reproduce the
properties of QCD. A number of authors have calculated portions of this contribution, and
recently a synthesis of all contributions has become available from Prades, de Rafael and
Vainshtein [58]%, which has been agreed to by authors from each of the leading groups working
in this field. They obtain

al™Pl = (105 4 26) x 107, (2.24)

w
Additional work on this contribution is underway on a number of fronts, including on the
lattice. A workshop was held in March 2011 at the Institute for Nuclear Theory in Seattle [59]
which brought together almost all of the interested experts.

One important point should be made here. The main physics of the hadronic light-by-
light scattering contribution is well understood. In fact, but for the sign error unraveled

4This compilation is generally referred to as the “Glasgow Consensus” since it grew out of a workshop in
Glasgow in 2007.
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in 2002, the theoretical predictions for aELbL have been relatively stable for more than ten
years. We summarize with a quote from Eduardo de Rafael [61]:

“For the time being, concerning the issue of errors, and after the work in PdeRV,
I personally think that a 25% error on the HLbL is quite a generous one. One of
my reasons is the fact that in the comparable HVP contribution—assuming that
we did not have data from ee-annihilations nor tau-decays—I claim that from
the underlying physics which we know, and using the same techniques as in the
HLbL calculation, we are presently able to make there an estimate which, when
compared to the one with data, turns out to be quite good: at the 10% to 15%
level.”

There is one calculation which used a Dyson-Schwinger approach, that appeared to
strongly disagree with all of the other model calculations of the hadronic-light-by-light con-
tribution [63]. However, recently these authors found several sign mistakes that change their
result, moving it closer to other calculations [64].

At Tau2012, Blum reported that the lattice calculation of the hadronic-light-by-light
contribution had started to see a signal [65]. “Signal may be emerging in the model ballpark”.
Blum also had encouraging words about the precision that the lattice might reach on the
lowest-order hadronic contribution.

In addition to the theoretical work on the HLbL, a new facility is being commissioned
at DA¢NE which will provide tagged virtual photons for y*y* physics. Both high- and
low-energy taggers are being constructed on both sides of the interaction region to detect
and measure the scattered electron and positron. Thus a coincidence between the scat-
tered electrons and a 7% would provide information on v*y* — 7°, etc. [62], and will pro-
vide experimental constraints on the models used to calculate the hadronic light-by-light
contribution[93].

2.5.4 Summary of the Standard-Model Value and Comparison
with Experiment

We determine the SM value using the new QED calculation from Aoyama [66]; the elec-
troweak from Ref. [75], the hadronic light-by-light contribution from the “Glasgow Consen-
sus” [58]; and lowest-order hadronic contribution from Davier, et al., [47], or Hagawara et
al., [48], and the higher-order hadronic from Ref. [48] A summary of these values is given in
Table 2.3.

This SM value is to be compared with the combined a and a, values from E821 [2]
corrected for the revised value of A as mentioned above:

al®?! = (116592089 4+ 63) x 107 (0.54 ppm), (2.25)

m

which give a difference of

Aa,(E821 —SM) = (2864 80) x 107" [47] (2.26)
= (260 £80) x 10! 48 (2.27)
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Table 2.3: Summary of the Standard-Model contributions to the muon anomaly. Two val-
ues are quoted because of the two recent evaluations of the lowest-order hadronic vacuum
polarization.

VALUE (x 10~11) uniTs
QED (v+4¢) 116584718.951 4+ 0.009 4+ 0.019 4+ 0.007 + 0.077,,

HVP(lo) [47] 6923 4 42
HVP(lo) [48] 6949 + 43
HVP (ho) [48] —98.440.7
HLbL 105 + 26
EW 1534+1+1
Total SM [47] 116591 802 & 4241 10 & 2651110 £ 2oener (4901 )
Total SM [48] 116591 828 + 4341 10 & 2651510 £ 2oiner (2500 )

depending on which evaluation of the lowest-order hadronic contribution that is used [47, 48].
This comparison between the experimental values and the present Standard-Model value is
shown graphically in Fig. 2.1.

This difference of 3.3 to 3.6 standard deviations is tantalizing, but we emphasize that
whatever the final agreement between the measured and SM value turns out to be, it will
have significant implications on the interpretation of new phenomena that might be found
at the LHC and elsewhere. This point is discussed in detail below.

The present theoretical error is dominated by the uncertainty on the lowest-order hadronic
contribution and uncertainty on the hadronic light-by-light contribution (see Table 2.3). The
lowest-order hadronic contribution could be reduced to 25 x 10~ based on the analysis of
existing data and on the data sets expected from future efforts, e.g. VEPP-2000 in Novosi-
birsk, BES-IIT and a possible upgrade in energy of DA®PNE [91]. When combined
with future theoretical progress on the hadronic light-by-light contribution, the total SM
error could reach 30 x 1071,

With the proposed experimental error of £16 x 107!, the combined uncertainty for the
difference between theory and experiment could be as small as £34 x 107!, which is to be
compared with the £81 x 107 in Eq. (2.27).

2.5.5 Expected Improvements in the Standard-Model Value

Much experimental and theoretical work is going on worldwide to refine the hadronic contri-
bution. The theory of (¢ — 2), relevant experiments to determine the hadronic contribution,
including work on the lattice, have featured prominently in the series of tau-lepton workshops
and PHIPSI workshops which are held in alternate years.

Over the development period of our new experiment, we expect further improvements in
the SM-theory evaluation. This projection is based on the following developments and facts:

e Novosibirsk: The VEPP2M machine has been upgraded to VEPP-2000. The max-
imum energy has been increased from /s = 1.4 GeV to 2.0 GeV. Additionally, the
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SND detector has been upgraded and the CMD2 detector was replaced by the much-
improved CMD3 detector. The cross section will be measured from threshold to
2.0 GeV using an energy scan, filling in the energy region between 1.4 GeV, where
the previous scan ended, up to 2.0 GeV, the lowest energy point reached by the BES
collaboration in their measurements. See Fig. 2.6 for the present contribution to the
overall error from this region. Engineering runs began in 2009, and data collection
started in 2011. So far two independent energy scans between 1.0 and 2.0 GeV were
performed in 2011 and 2012. The peak luminosity of 3 x 103'em 257! was achieved,
which is limited by the positron production rate. The new injection facility, sched-
uled to be commissioned during the 2013-2014 upgrade, should permit the luminosity
to reach 1032cm™2s~! . Data collection had resumed by the end of 2012 with new
energy scan at energies below 1.0 GeV. The goal of experiments at VEPP-2000 is to
achieve a systematic error 0.3-0.5% in 77~ channel with neglighle statistical error
in the integral. The high statistics, expected at VEPP-2000, should allow a detailed
comparison of the measured cross-sections with ISR results at BaBar and DA¢NE.
After the upgrade, experiments at VEPP-2000 plan to take a large amount of data at
1.8-2 GeV, around NN threshold. This will permit ISR data with the beam energy
of 2 GeV, which is between the PEP2 energy at the T(4s) and the 1 GeV ¢ energy
at the DAYNE facility in Frascati. The dual ISR and scan approach will provide an

important cross check on the two central methods to determine HVP.

KLOE: The KLOE collaboration has just reported the analysis of their 2008 data set
using the experimental ratio w7 /uu final states, rather than the luminosity to get the
cross sections [92]. In the future, they will begin the program of two-photon physics will
be ramping up, which will provide experimental input to the hadronic light-by-light
theory.

BaBar:A significant amount of new data exists from BaBar, which can be used to
provide another ISR measurement from threshold to 3 GeV. It is not at all clear that
the Collaboration will be able to take on the analysis challenge.

Belle: Some work on ISR measurements of R(s) is going on in multi-hadron channels.
These studies will complement those completed at BaBar and provide an important
check.

BES-III: BES-III can perform a direct measurement of R above 2 GeV with
an energy scan. It can use ISR to access the region below it.

Calculations on the Lattice for Lowest-Order HVP: With the increased com-
puter power available for lattice calculations, it may be possible for lattice calculations
to contribute to our knowledge of the lowest-order hadronic contribution. Blum and his
collaborators are continuing to work on the lowest-order contribution, Several groups,
UKQCD (Edinburg), DESY-Zeuthen (Renner and Jansen), and the LSD (lattice strong
dynamics) group in the US are all working on the lowest-order contribution.

Calculations on the Lattice of Hadronic Light-by-Light: The hadronic light-



875

876

877

878

879

880

881

882

883

884

885

886

887

888

889

890

891

892

893

894

895

896

897

34 CHAPTER 2. INTRODUCTION AND PHYSICS MOTIVATION

by-light contribution has a magnitude of (1054 26) x 107", ~ 1 ppm of a,. A modest
calculation on the lattice would have a large impact. Blum and his collaborators at
BNL, RIKEN and Nagoya are working on HLbL, and are beginning to see a signal.

2.6 Physics Beyond the Standard Model

For many years, the muon anomaly has played an important role in constraining physics
beyond the SM [45, 46, 98, 99, 100]. The more than 2000 citations to the major E821
papers [2, 5, 22, 21], demonstrates that this role continues. The citations are shown as a
function of year in Fig. 2.10. It is apparent that with the LHC results available in 2012,
interest in the BNL results has risen significantly. As discussed in the previous section, the
present SM value is smaller than the experimental value by Aa,(E821 — SM). The discrep-
ancy depends on the SM evaluation, but it is generally in the > 30 region; a representative
value is (286 + 80) x 107!, see Eq. (2.27).

E821 Citations

PRL 82 (1999) + PRD 62 (2000) (X = 215)

PRL86, 227 (2001) ( = 624)

300 PRL89, 101804 (2002) (X = 437) B
PRL92, 161802 (2004) (X = 486)

200

100

1999 2000 2001 2002 2003 2004 2005 2006 2007 2008 2009 2010 2011 2012

Figure 2.10: Citations by year to the K821 papers reporting physics results as of July 2012:
light blue [19] plus [20]; green [21]; red [22]; blue [5]; and yellow the Physical Review arti-
cle [2].

In this section, we discuss how the muon anomaly provides a unique window to search
for physics beyond the standard model. If such new physics is discovered elsewhere, e.g.
at the LHC, then a, will play an important role in sorting out the interpretation of those
discoveries. We discuss examples of constraints placed on various models that have been
proposed as extensions of the standard model. Perhaps the ultimate value of an improved
limit on a,, will come from its ability to constrain the models that have not yet been invented.

Varieties of physics beyond the Standard Model

The LHC era has had its first spectacular success in summer 2012 with the discovery of a
new particle compatible with the standard model Higgs boson. With more data, the LHC
experiments will continue to shed more light on the nature of electroweak symmetry breaking
(EWSB). It is very likely that EWSB is related to new particles, new interactions, or maybe
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to new concepts such as supersymmetry, extra dimensions, or compositeness. Further open
questions in particle physics, related e.g. to the nature of dark matter, the origin of flavor or
grand unification, indicate that at or even below the TeV scale there could be rich physics
beyond the standard model.

Unravelling the existence and the properties of such new physics requires experimen-
tal information complementary to the LHC. The muon (g — 2), together with searches for
charged lepton flavor violation, electric dipole moments, and rare decays, belongs to a class
of complementary low-energy experiments.

In fact, the muon magnetic moment has a special role because it is sensitive to a large
class of models related and unrelated to EWSB and because it combines several properties
in a unique way: it is a flavour- and CP-conserving, chirality-flipping and loop-induced
quantity. In contrast, many high-energy collider observables at the LHC and a future linear
collider are chirality-conserving, and many other low-energy precision observables are CP-
or flavour-violating. These unique properties might be the reason why the muon (g — 2)
is the only among the mentioned observables which shows a significant deviation between
the experimental value and the SM prediction, see Eq. (2.27). Furthermore, while g—2 is
sensitive to leptonic couplings, b- or K-physics more naturally probe the hadronic couplings
of new physics. If charged lepton-flavor violation exists, observables such as i — e conversion
can only determine a combination of the strength of lepton-flavor violation and the mass
scale of new physics. In that case, g—2 can help to disentangle the nature of the new physics.

The role of g—2 as a discriminator between very different standard model extensions is
well illustrated by a relation stressed by Czarnecki and Marciano [46]. It holds in a wide
range of models as a result of the chirality-flipping nature of both g—2 and the muon mass:
If a new physics model with a mass scale A contributes to the muon mass dm,(N.P.), it also
contributes to a,, and the two contributions are related as

a,(N.P.) = O(1) x (m)z x (‘WNP)> . (2.28)

A my,

The ratio C(N.P.) = ém,(N.P.)/m, cannot be larger than unity unless there is fine-
tuning in the muon mass. Hence a first consequence of this relation is that new physics can
explain the currently observed deviation (2.27) only if A is at the few-TeV scale or smaller.

In many models, the ratio C' arises from one- or even two-loop diagrams, and is then
suppressed by factors like a/4m or (a/4m)?. Hence, even for a given A, the contributions to
a, are highly model dependent.

It is instructive to classify new physics models as follows:

e Models with C'(N.P.) ~ 1: Such models are of interest since the muon mass is essen-
tially generated by radiative effects at some scale A. A variety of such models have
been discussed in [46], including extended technicolor or generic models with naturally
vanishing bare muon mass. For examples of radiative muon mass generation within
supersymmetry, see e.g. [101, 102]. In these models the new physics contribution to a,
can be very large,

a,(A) ~

”ev)z. (2.29)

2
k11 1—11(
00 x 10 A
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and the difference Eq. (2.27) can be used to place a lower limit on the new physics
mass scale, which is in the few TeV range [103, 102].

Models with C(N.P.) = O(«/4m): Such a loop suppression happens in many models
with new weakly interacting particles like Z' or W’ little Higgs or certain extra di-
mension models. As examples, the contributions to a, in a model with § =1 (or 2)
universal extra dimensions (UED) [104] and the Littlest Higgs model with T-parity
(LHT) [105] are given by

l

a,(UED) =~ —5.8x 107"(1 + 1.28)Skk, (2.30)
a,(LHT) < 12x 107" (2.31)

with |Skk|S1 [104]. A difference as large as Eq. (2.27) is very hard to accommodate
unless the mass scale is very small, of the order of M, which however is often excluded
e.g. by LEP measurements. So typically these models predict very small contributions
to a, and will be disfavored if the current deviation will be confirmed by the new a,
measurement.

Exceptions are provided by models where new particles interact with muons but are
otherwise hidden from searches. An example is the model with a new gauge boson
associated to a gauged lepton number L, — L. [106], where a gauge boson mass of
O(100 GeV) and large a, are viable.

Models with intermediate values for C'(N.P.) and mass scales around the weak scale:
In such models, contributions to a, could be as large as Eq. (2.27) or even larger,
or smaller, depending on the details of the model. This implies that a more precise
a,-measurement will have significant impact on such models and can even be used
to measure model parameters. Supersymmetric (SUSY) models are the best known
examples, so muon g—2 would have substantial sensitivity to SUSY particles. Com-
pared to generic perturbative models, supersymmetry provides an enhancement to
C(SUSY) = O(tanf x a/4m) and to a,(SUSY) by a factor tan 3 (the ratio of the
vacuum expectation values of the two Higgs fields). Typical SUSY diagrams for the
magnetic dipole moment, the electric dipole moment, and the lepton-number violating
conversion process i — e in the field of a nucleus are shown pictorially in Fig. 2.11.
The shown diagrams contain the SUSY partners of the muon, electron and the SM
U(1)y gauge boson, fi, é, B. The full SUSY contributions involve also the SUSY part-
ners to the neutrinos and all SM gauge and Higgs bosons. In a model with SUSY
masses equal to A the SUSY contribution to a, is given by [46]

(2.32)

100 Gev>2
A

a,(SUSY) =~ sgn (u) 130 x 107" tan 3 (

which indicates the dependence on tan 5, and the SUSY mass scale, as well as the sign
of the SUSY u-parameter. The formula still approximately applies even if only the
smuon and chargino masses are of the order A but e.g. squarks and gluinos are much
heavier. However the SUSY contributions to a, depend strongly on the details of mass
splittings between the weakly interacting SUSY particles. Thus muon g—2 is sensitive
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to SUSY models with SUSY masses in the few hundred GeV range, and it will help to
measure SUSY parameters.

There are also non-supersymmetric models with similar enhancements. For instance,
lepton flavor mixing can help. An example is provided in Ref. [107] by a model with
two Higgs doublets and four generations, which can accommodate large Aa, without
violating constraints on lepton flavor violation. In variants of Randall-Sundrum models
[108, 109, 110] and large extra dimension models [111], large contributions to a,, might
be possible from exchange of Kaluza-Klein gravitons, but the theoretical evaluation
is difficult because of cutoff dependences. A recent evaluation of the non-graviton
contributions in Randall-Sundrum models, however, obtained a very small result [112].

Further examples include scenarios of unparticle physics [113, 114] (here a more pre-
cise a,-measurement would constrain the unparticle scale dimension and effective cou-
plings), generic models with a hidden sector at the weak scale [115] or a model with
the discrete flavor symmetry group 7" and Higgs triplets [116] (here a more precise
a,-measurement would constrain hidden sector/Higgs triplet masses and couplings),
or the model proposed in Ref. [117], which implements the idea that neutrino masses,
leptogenesis and the deviation in a, all originate from dark matter particles. In the
latter model, new leptons and scalar particles are predicted, and a, provides significant
constraints on the masses and Yukawa couplings of the new particles.

Figure 2.11: The SUSY contributions to the anomaly, and to © — e conversion, showing the
relevant slepton mixing matrix elements. The MDM and EDM give the real and imaginary
parts of the matrix element, respectively. The x indicates a chirality flip.

The following types of new physics scenarios are quite different from the ones above:

e Models with extended Higgs sector but without the tan S-enhancement of SUSY mod-
els. Among these models are the usual two-Higgs-doublet models. The one-loop con-
tribution of the extra Higgs states to a, is suppressed by two additional powers of
the muon Yukawa coupling, corresponding to a, (N.P.) o mi /A* at the one-loop level.
Two-loop effects from Barr-Zee diagrams can be larger [118], but typically the contri-
butions to a, are negligible in these models.

e Models with additional light particles with masses below the GeV-scale, generically
called dark sector models: Examples are provided by the models of Refs. [119, 120],
where additional light neutral gauge bosons can affect electromagnetic interactions.
Such models are intriguing since they completely decouple g—2 from the physics of
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EWSB, and since they are hidden from collider searches at LEP or LHC (see however
Refs. [121, 122] for studies of possible effects at dedicated low-energy colliders and in
Higgs decays at the LHC). They can lead to contributions to a, which are of the same
order as the deviation in Eq. (2.27). Hence the new g—2 measurement will provide an
important test of such models.

To summarize: many well-motivated models can accommodate larger contributions to a,
— if any of these are realized g—2 can be used to constrain model parameters; many well-
motivated new physics models give tiny contributions to a, and would be disfavored if the
more precise g—2 measurement confirms the deviation in Eq. (2.27). There are also examples
of models which lead to similar LHC signatures but which can be distinguished using g—2.

In the following it is discussed in more detail how a, will be useful in understanding
TeV-scale physics in the event that the LHC established the existence of physics beyond the
standard model [99].

a, and supersymmetry

We first focus on the case of supersymmetry, which provides a particularly well-defined and
calculable framework. We illustrate the sensitivity of g—2 to the SUSY parameters and the
complementarity to LHC measurements.

As discussed above, supersymmetry with tan 5 up to 50 and masses in the 100-700 GeV
range can easily explain the currently observed deviation (2.27). Now the SUSY contributions
are discussed in more detail. At the one-loop level, the diagrams of the minimal supersym-
metric standard model (MSSM) involve the SUSY partners the gauge and Higgs bosons and
the muon-neutrino and the muon, the so-called charginos, neutralinos and sneutrinos and
smuons. The relevant parameters are thus the SUSY breaking mass parameters for the 2nd
generation sleptons, the bino and wino masses Ms, M;, and the Higgsino mass parameter p.
Strongly interacting particles, squarks and gluinos, and their masses are irrelevant on this
level.

If all the relevant mass parameters are equal, the approximation (2.32) is valid, and the
dominant contribution is from the chargino—sneutrino diagrams. If p is very large, the bino-
like neutralino contribution of Fig. 2.11 is approximately linear in p and can dominate. If
there is a large mass splitting between the left- and right-handed smuon, even the sign can
be opposite to Eq. (2.32), see the discussions in [123, 124].

As a result, a,(SUSY) depends not only on the overall SUSY masses but on the indi-
vidual values of the parameters M;, M, and pu. Exchanging these parameters can leave the
spectrum of SUSY particle masses unchanged but will have an effect on aEUSY. It is shown
later that this will help to disentangle different possible interpretations of LHC data.

On the two-loop level, further contributions exist which are typically subleading but can
become important in regions of parameter space. For instance, there are diagrams without
smuons or sneutrinos but with e.g. a pure chargino or stop loop [125]. Such diagrams can
even be dominant if first and second generation sfermions are very heavy, a scenario called
effective SUSY [126].

To date, the LHC experiments have not found indications for SUSY particles but only
for a Higgs-like particle with mass around 126 GeV. This leads to the following conclusions:
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o If supersymmetry is the origin of the deviation in a,, at least some SUSY particles
cannot be much heavier than around 700 GeV (for tan 8 = 50), most favorably the
smuons and charginos/neutralinos.

e The negative results of the LHC searches for SUSY particles imply lower limits of
around 1 TeV, in particular on squark and gluino masses. The bounds are not model-
independent but valid in scenarios with particular squark and gluino decay patterns.

e The constraint that a SM-like Higgs boson mass is around 126 GeV requires either very
large loop corrections from large logarithms or non-minimal tree-level contributions
from additional non-minimal particle content.

e The requirement of small fine-tuning between supersymmetry-breaking parameters and
the Z-boson mass prefers certain particles, in particular stops, gluinos and Higgsinos
to be rather light.

A tension between these constraints seems to be building up, but the constraints act on
different aspects of SUSY models. Hence it is in principle no problem to accommodate
all the experimental data in the general minimal supersymmetric standard model, for most
recent analyses see Refs. [127, 128].

However, strongly restricted models, such as the Constrained MSSM (CMSSM) cannot
anymore simultaneously explain all data. For a long time, many analyses have used a, as
a central observable to constrain the CMSSM parameters, see e.g. [129]. The most recent
analyses show that the LHC determination of the Higgs boson mass turns out to be incom-
patible with an explanation of the current Aa, within the CMSSM [130, 131, 132]. Hence,
the CMSSM is already disfavored now, and it will be excluded if the future a,, measurement
confirms the current Aa,,.

The issue of fine-tuning has led to many proposals for SUSY models in which some or all
of the experimental constraints are satisfied in a technically natural way. For instance, the
model of Ref. [133] is based on gauge-mediated SUSY breaking and extra vector-like matter,
and it is naturally in agreement with FCNC constraints and the Higgs boson mass value. But
if the SUSY particles are light enough to explain g—2, it is on the verge of being excluded by
LHC data. Conversely, the so-called natural SUSY scenarios (see e.g. [134, 135]), where the
spectrum is such that fine-tuning is minimized while squarks and gluinos evade LHC bounds,
can explain the Higgs boson mass but completely fail to explain g—2. Similarly so-called
compressed supersymmetry [136] can be a natural explanation of the Higgs mass and the
negative LHC SUSY searches but, at least in the version of Ref. [137] fails to accommodate
a large Aa,,.

These considerations show that a definitive knowledge of a
the interpretation of LHC data in terms of SUSY.

In the general model classification of the previous subsection the possibility of radiative
muon mass generation was mentioned. This idea can be realized within supersymmetry, and
it leads to SUSY scenarios quite different from the ones discussed so far. Since the muon mass
at tree level is given by the product of a Yukawa coupling and the vacuum expectation value
of the Higgs doublet H,, there are two kinds of such scenarios. First, one can postulate that

SUSY

o+ will be very beneficial for
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the muon Yukawa coupling is zero but chiral invariance is broken by soft supersymmetry-

breaking A-terms. Then, the muon mass, and aﬁUSY, arise at the one-loop level and there is
no relative loop suppression of aiUSY [101, 102]. Second, one can postulate that the vacuum

expectation value (Hg) is very small or zero [138, 139]. Then, the muon mass and aj"Y

arise at the one-loop level from loop-induced couplings to the other Higgs doublet. Both

scenarios could accommodate large aEUSY and TeV-scale SUSY particle masses.

a, and model selection and parameter measurement

The LHC is sensitive to virtually all proposed weak-scale extensions of the standard model,
ranging from supersymmetry, extra dimensions and technicolor to little Higgs models, un-
particle physics, hidden sector models and others. However, even if the existence of physics
beyond the standard model is established, it will be far from easy for the LHC alone to
identify which of these — or not yet thought of — alternatives is realized. Typically LHC
data will be consistent with several alternative models.

For example, a situation is possible where the LHC finds many new heavy particles
which are compatible with supersymmetry. Since spin measurements are difficult, these
new states might allow alternative interpretations in terms of other models. In particular
universal-extra-dimension models (UED) [140], or the Littlest Higgs model with T-parity
(LHT) [141, 142] have been called “bosonic SUSY” since they can mimick SUSY but the
partner particles have the opposite spin as the SUSY particles, see e.g. [143]. The muon g—2
would especially aid in the selection since UED or Littlest Higgs models predict a tiny effect
to a, [104, 105], while SUSY effects are usually much larger.

On the other hand, a situation where the LHC finds no physics beyond the standard model
but the a, measurement establishes a deviation, might be a signal for dark sector models
such as the secluded U(1) model [119], with new very weakly interacting light particles which
are hard to identify at the LHC [121, 120, 122].

Next, if new physics is realized in the form of a non-renormalizable theory, a, might not
be fully computable but depend on the ultraviolet cutoff. Randall-Sundrum or universal
extra dimension models are examples of this situation. In such a case, the a, measurement
will not only help to constrain model parameters but it will also help to get information on
the ultraviolet completion of the theory.

Within the framework of SUSY there are many different well-motivated scenarios that
are not always easy to distinguish at the LHC. Fig. 2.12 illustrates this.

The left plot in Fig. 2.12 shows the values for the so-called SPS benchmark points [147].
These span a wide range and can be positive or negative, due to the factor sign(u) in
Eq. (2.32). The discriminating power of the current (yellow band) and an improved (blue
band) measurement is evident from Fig. 2.12(a).

One might think that if SUSY exists, the LHC-experiments will find it and measure its
parameters. Above it has been mentioned that SUSY can be mimicked by “bosonic SUSY”
models. The green points illustrate that even within SUSY, certain SUSY parameter points
can be mimicked by others. The green points correspond to “degenerate solutions” of Ref.
[144] — different SUSY parameter points which cannot be distinguished at the LHC alone
(see also Ref. [145] for the LHC inverse problem). They have very different a, predictions,
and hence a,, can resolve such LHC degeneracies.
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Figure 2.12: (a) SUSY contributions to a,, for the SPS benchmark points (red), and for the
“degenerate solutions” from Ref. [144]. The yellow band is the =1 o error from E821, the
blue is the projected sensitivity of E989. (b) Possible future tan 5 determination assuming
that a slightly modified MSSM point SPS1a (see text) is realized. The bands show the Ax?
parabolas from LHC-data alone (yellow) [146], including the a,, with current precision (dark
blue) and with prospective precision (light blue). The width of the blue curves results from
the expected LHC-uncertainty of the parameters (mainly smuon and chargino masses) [146].
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In a similar spirit, Ref. [148] discussed “supersymmetry without prejudice.” First a large
set of supersymmetry parameter points (“models”) in a 19-dimensional parameter space
was identified, which was in agreement with many important existing experimental and
theoretical constraints. Then the implications for observables such as g—2 were studied.
The result for g—2 was rather similar to Fig. 2.12(a), although the context was far more
general: the entire range aiUSY ~ (=100...+ 300) x 10~ was populated by a reasonable
number of “models.” Therefore, a precise measurement of g—2 to £16 x 107! will be a
crucial way to rule out a large fraction of models and thus determine SUSY parameters.

The right plot of Fig. 2.12 illustrates that the SUSY parameter tan f can be measured
more precisely by combining LHC-data with a,. It is based on the assumption that SUSY
is realized, found at the LHC and the origin of the observed a, deviation (2.27). To fix
an example, we use a slightly modified SPS1a benchmark point with tan 5 scaled down to
tan 3 = 8.5 such that a;,"®" is equal to an assumed deviation Aa, = 255 x 107'".> Ref.
[146] has shown that then mass measurements at the LHC alone are sufficient to determine
tan 3 to a precision of £4.5 only. The corresponding Ax? parabola is shown in yellow in the
plot. In such a situation one can study the SUSY prediction for a, as a function of tan 3
(all other parameters are known from the global fit to LHC data) and compare it to the
measured value, in particular after an improved measurement. The plot compares the LHC
Ax? parabola with the ones obtained from including a,, Ax* = [(a;"* (tan ) — Aa,,) /0a,]?
with the errors da, = 80 x 10~ (dark blue) and 34 x 107! (light blue). As can be seen
from the Figure, using today’s precision for a, would already improve the determination of
tan 8, but the improvement will be even more impressive after the future a, measurement.

One should note that even if better ways to determine tan S at the LHC alone might
be found, an independent determination using a, will still be highly valuable, as tan 3 is
one of the central MSSM parameters; it appears in all sectors and in almost all observables.
In non-minimal SUSY models the relation between tan f and different observables can be
modified. Therefore, measuring tan g in different ways, e.g. using certain Higgs- or b-decays
at the LHC or at b-factories and using a,, would constitute a non-trivial and indispensable
test of the universality of tan # and thus of the structure of the MSSM.

The anomalous magnetic moment of the muon is sensitive to contributions from a wide
range of physics beyond the standard model. It will continue to place stringent restrictions
on all of the models, both present and yet to be written down. If physics beyond the standard
model is discovered at the LHC or other experiments, a, will constitute an indispensable
tool to discriminate between very different types of new physics, especially since it is highly
sensitive to parameters which are difficult to measure at the LHC. If no new phenomena
are found elsewhere, then it represents one of the few ways to probe physics beyond the
standard model. In either case, it will play an essential and complementary role in the quest
to understand physics beyond the standard model at the TeV scale.

5The actual SPSla point is ruled out by LHC, however for our purposes only the weakly interacting
particles are relevant, and these are not excluded. The following conclusions are neither very sensitive to the
actual tan § value nor to the actual value of the deviation Aa,,.
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Chapter 3

Overview of the Experimental
Technique

In this chapter we give an overview of how the experiment is done. This is followed by a
number of chapters that give the details of the specific hardware being developed for E989.
The order of those chapters follows the WBS as closely as possible.

The experiment consists of the following steps:

1.

Production of an appropriate pulsed proton beam by an accelerator complex.
Production of pions using the proton beam that has been prepared.
Collection of polarized muons from pion decay 7+ — pfv,

Transporting the muon beam to the (g — 2) storage ring,.

Injection of the muon beam into the storage ring.

Kicking the muon beam onto stored orbits.

Measuring the arrival time and energy of positrons from the decay pu™ — et

Central to the determination of a,, is the spin equation®

- Qe

o =
m

: (3.1)

2 — —
- x F
a”B—k(a#_(?Z))ﬁ -

that gives the rate at which the spin turns relative the the momentum vector, which turns
with the cyclotron frequency. The electric field term is there since we use electrostatic vertical
focusing in the ring. At the magic momentum, p,, = 3.09 GeV/c, the effect of the motional
magnetic field (the § x E term) vanishes.

Measurement of a, requires the determination of the muon spin frequency w, and the
magnetic field averaged over the muon distribution.

ISee Section 3.3 for the details.
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Figure 3.1: The E821 storage-ring magnet at Brookhaven Lab.

3.1 Production and Preparation of the Muon Beam

E989 will bring a bunched beam from the 8 GeV Booster to a pion production target located
where the antiproton production target was in the Tevatron collider program (see Chapter 7).
Pions of 3.11 GeV/c 5% will be collected and sent into a large-acceptance beamline. Muons
are produced in the weak pion decay

Tt = ut +,(v). (3.2)

Since the antineutrino (neutrino) is right-handed (left-handed) the p~ (u™) is left-handed
(right-handed). A beam of polarized muons can be obtained from a beam of pions by select-
ing the highest-energy muons (a “forward beam”) or by selecting the lowest-energy muons
(a “backward beam”), where forward or backward refers to whether the decay is forward
of backward in the center-of-mass frame relative to the pion momentum. Polarizations sig-
nificantly greater than 90% are easily obtained in such beams. The pions and daughter
muons will be injected into the Delivery Ring (the re-purposed p debuncher ring), where
after several turns the remaining pions decay. The surviving muon beam will be extracted
and brought to the muon storage ring built for E821 at Brookhaven.

3.2 Injection into the Storage Ring

A photograph of the E821 magnet is shown in Figure 3.1. It is clear from the photo that this
“storage ring” is very different from the usual one that consists of lumped elements. The
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3.2. INJECTION INTO THE STORAGE RING 53

storage ring magnet is energized by three superconducting coils shown in Fig 3.2(b). The
continuous “C” magnet yoke is built from twelve 30° segments of iron that was designed
to eliminate the end effects present in lumped magnets. This construction eliminates the
large gradients that would make the determination of average magnetic field, (B), very
difficult. Furthermore, a small perturbation in the yoke can effect the field halfway around
the ring at the ppm level. Thus every effort is made to minimize holes in the yoke, and
other perturbations. The only penetrations through the yoke are to permit the muon beam
to enter the magnet as shown in Fig 3.2(a), and to connect cryogenic services and power to
the inflector magnet and to the outer radius coil (see Fig. 3.2(b)). Where a hole in the yoke
is necessary, extra steel was placed around the hole on the outside of the yoke to compensate
for the missing material.

0
125

[ Tangential Reference Line Through bolt —~ /— Shim plate
! S Inflector !

Beam Line _— - S Iron yoke
) . Upper push-rod

N ot ///////////////jg; upper coil
NN e overeoi T i e = S
12.35° 5 I //‘//*//I I!III// /Il._.
\ 0 \\\\\\\\\\\\ Inner lower coil
07777 et

To ring center

Poles

Spacer Plates
“Back-leg”

Muon
Orbit

H
{1

% ‘#ﬂ ] 392‘:::1“—»
(a) (b)

Figure 3.2: (a) Plan view of the beam entering the storage ring. (b) Elevation view of the
storage-ring magnet cross section.

The beam enters through a hole in the “back-leg” of the magnet and then crosses into the
inflector magnet, which provides an almost field free region, delivering the beam to the edge
of the storage region. The geometry is rather constrained, as can be seen in Fig. 3.3(a). The
injection geometry is sketched in Fig. 3.3(b). The kick required to put magic momentum
muons onto a stable orbit centered at magic radius is on the order of 10 mrad.

The requirements on the muon kicker are rather severe:

1. Since the magnet is continuous, any kicker device has to be inside of the precision
magnetic field region.

2. The kicker hardware cannot contain magnetic elements such as ferrites, because they
will spoil the uniform magnetic field.

3. Any eddy currents produced in the vacuum chamber, or in the kicker electrodes by the
kicker pulse must be negligible by 10 to 20 us after injection, or must be well known
and corrected for in the measurement.

4. Any kicker hardware must fit within the real estate occupied by the E821 kicker, which
employed three 1.7 m long devices.
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5. The kicker pulse should be shorter than the cyclotron period of 149 ns.

xC
- R=7112 mm from ring center
Outer cryostat b
5 Iron wedge
T Upper pole piece
Inflector 77 mm
e /. —Pole bump R R

Beam

G
channel[ N9 ¢Muon storage

region
p=45mm Beam vacuum
chamber

- Pole bump
Partition wall

Superconduct'mgP
coils assive superconducting
shield

Inflector
cryostat

Iron wedge

(a)

Figure 3.3: (a) The inflector exit showing the incident beam center 77 mm from the center of
the storage region. The incident muon beam channel is highlighted in red. (b) The geometry
of the necessary kick. The incident beam is the red circle, and the kick effectively moves the
red circle over to the blue one.

I would remove this since we cover the Quads in much more detail later

The layout of the ring is shown in Fig. 3.4. The Quadrupoles cover 43% of the circum-
ference, leaving space for the kicker and other devices. Each of the three kicker modules are
1.7 m long.

3.3 The Spin Equations

Measurements of magnetic and electric dipole moments make use of the torque on a dipole
in an external field:

F=jixB+dxE, (3.3)

where we include the possibility of an electric dipole moment (cf) Except for the original
Nevis spin rotation experiment, the muon magnetic dipole moment experiments inject a
beam of polarized muons into a magnetic field and measure the rate at which the spin turns
relative to the momentum, &, = Wg — Jo, where S and C stand for spin and cyclotron,
respectively. These two frequencies, in the absence of any other external fields, are given by

ws = —9523—(1—7)323; (3.4)
vo = 1B (3.5)

-2
Wy = Ws—we=— (g) —B =—a,—B (3.6)



1483

1484

1485

1486

1487

1488

1489

1490

1491

1492

1493

1494

1495

1496

1497

1498

1499

1500

1501

1502

1503

1504

1505

1506

1507

1508

1509

3.3. THE SPIN EQUATIONS 55

(where e > 0 and Q = £1). There are two important features of w,: (i) It only depends on
the anomaly rather than on the full magnetic moment; (ii) It depends linearly on the applied
magnetic field.

To measure the anomaly, it is necessary to measure w,, and to determine the magnetic
field B. The relevant quantity is (B), which is the magnetic field convolved with the muon
beam distribution, M defined as

_ / M(r,0)B(r,0)rdrdd, (3.7)

where the magnetic field B(r, 0) is expressed as the multipole expansion

B(r,0) =Y r"[c,cosnb + s, sinnb)] (3.8)

n=0

and the muon distribution is expressed in terms of moments

= i [&m (1) cosmO + o, (1) sin mb). (3.9)

m=0

Because the harmonics sin nf sinm#, etc., orthogonal when integrated over one period,
non-vanishing integrals come from products of the same moment/multipole, in the expression
for (B). To determine (B) to sub-part-per-million (ppm) precision, one either needs excellent
knowledge of the multipole and moment distributions for B and M; or care must be taken
to minimize the number of terms, with only the leading term being large, so that only the
first few multipoles are important. This was achieved in the most recent experiment [2] by
using a circular beam aperture, and making a very uniform dipole magnetic field.

However there is one important issue to be solved: How can the muon beam be confined
to a storage ring if significant magnetic gradients cannot be used to provide vertical focusing?
The answer to this question was discovered by the third CERN collaboration [1], which used
an electric quadrupole field to provide vertical focusing. Of course, a relativistic particle
feels a motional magnetic field proportional to 5 x E , but the full relativistic spin equation
contains a cancellation as can be seen below. Assuming that the velocity is transverse to the
magnetic field (3 - B = 0), one obtains [2, 3]

2 — —
5 X F
auB—i—(aM_(?Z))ﬁ -

There are both motlonal magnetic and electric fields in this equation — the terms which
are proportional to ,6 x E and B x B, respectively.

The expression for w, is
m\*\ fx E
B — | —
a,b + (au (p) ) c

For the “magic” momentum puagec = m/v/a =~ 3.09 GeV/c (Vmagic = 29.3), the second
term vanishes, and the electric field does not contribute to the spin motion relative to the

—

E 4
Qe —+p8xB
C

2m

(3.10)

- Qe

m

(3.11)
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momentum.? Note that if ¢ = 2, then @ = 0 and the spin would follow the momentum,
turning at the cyclotron frequency.

3.4 Vertical Focusing with Electrostatic Quadrupoles

The storage ring acts as a weak-focusing betatron, with the vertical focusing provided by
electrostatic quadrupoles. The ring is operated at the magic momentum, so that the electric
field does not contribute to the spin precession. However there is a second-order correction
to the spin frequency from the radial electric field, which is discussed below. There is also a
correction from the vertical betatron motion, since the spin equations in the previous section
were derived with the assumption that ﬁ B =0.

Inflector

Calibration
NMR probe

270° Fiber
19 monitor

Trolley
garagé

180° Fiber
4 monitor

Figure 3.4: The layout of the storage ring, as seen from above, showing the location of the
inflector, the kicker sections (labeled K1-K3), and the quadrupoles (labeled Q1-Q4). The
beam circulates in a clockwise direction. Also shown are the collimators, which are labeled
“C”, or “%C” indicating whether the Cu collimator covers the full aperture, or half the aper-
ture. The collimators are rings with inner radius: 45 mm, outer radius: 55 mm, thickness:
3 mm. The scalloped vacuum chamber consists of 12 sections joined by bellows. The cham-
bers containing the inflector, the NMR trolley garage, and the trolley drive mechanism are
special chambers. The other chambers are standard, with either quadrupole or kicker assem-
blies installed inside. An electron calorimeter is placed behind each of the radial windows,
at the position indicated by the calorimeter number.

2Small corrections to the measured frequency must be applied since E . B ~ 0 and not all muons are at
the magic momentum. These are discussed in Chapter ?7.
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3.5 Muon Decay

The dominant muon decay is
pt = et + v, (7)) + ve(ve) (3.12)

which also violates parity.

Since the kinematics of muon decay are central to the measurements of a,, we discuss
the general features in this section. Additional details are given in Ref. [17]. From a beam
of pions traversing a straight beam-channel consisting of focusing and defocusing elements
(FODO), a beam of polarized, high energy muons can be produced by selecting the ”for-
ward” or ”"backward” decays. The forward muons are those produced, in the pion rest frame,
nearly parallel to the pion laboratory momentum and are the decay muons with the highest
laboratory momenta. The backward muons are those produced nearly anti-parallel to the
pion momentum and have the lowest laboratory momenta. The forward pu~ (u™) are polar-
ized along (opposite) their lab momenta respectively; the polarization reverses for backward
muons. The E821 experiment used forward muons, as will E989, the difference being the
length of the pion decay line, which in E989 will be 1,900 m.

The pure (V — A) three-body weak decay of the muon, = — e~ +v, + . or ut — et +
U, + Ve, is “self-analyzing”, that is, the parity-violating correlation between the directions in
the muon rest frame (MRF) of the decay electron and the muon spin can provide information
on the muon spin orientation at the time of the decay. When the decay electron has the
maximum allowed energy in the MRF, E/ = (m,c*)/2 =53 MeV. The neutrino and anti-
neutrino are directed parallel to each other and at 180° relative to the electron direction.
The v pair carry zero total angular momentum; the electron carries the muon’s angular
momentum of 1/2. The electron, being a lepton, is preferentially emitted left-handed in a
weak decay, and thus has a larger probability to be emitted with its momentum anti-parallel
rather than parallel to the x4~ spin. Similarly, in u* decay, the highest-energy positrons are
emitted parallel to the muon spin in the MRF.

In the other extreme, when the electron kinetic energy is zero in the MRF, the neutrino
and anti-neutrino are emitted back-to-back and carry a total angular momentum of one. In
this case, the electron spin is directed opposite to the muon spin in order to conserve angular
momentum. Again, the electron is preferentially emitted with helicity -1, however in this
case its momentum will be preferentially directed parallel to the = spin. The positron, in
ut decay, is preferentially emitted with helicity +1, and therefore its momentum will be
preferentially directed anti-parallel to the p™ spin.

With the approximation that the energy of the decay electron £’ >> m.c?, the differential
decay distribution in the muon rest frame is given by[23],

dP(y',0") ocn/(y') [1 £ A(y') cos 0] dy'dSY (3.13)

where ¢ is the momentum fraction of the electron, ' = p./p. .., d¥ is the solid angle,

0" = cos™! (p., - 8) is the angle between the muon spin and ', p, ..c~ E/  and the (—)

sign is for negative muon decay. The number distribution n(y’) and the decay asymmetry
A(y') are given by
2y —1

n(y) =293 -2y) and A(y) = 3 3y (3.14)
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Note that both the number and asymmetry reach their maxima at 3y’ = 1, and the asymmetry
changes sign at ¢ = %, as shown in Figure 3.5(a).

1 1
0.8 B
E 0.8
r r N
0.6 r
- N 06—
0.4 r
L 0.4
0.2— 2 r A2
N NA 0.2~ N
oF e L LT L LT T 5
02 A L4 e~ e
L F A
P | | | | C T | Ll | I
04 10 20 30 0 50 0% 05 1 15 2 25 3 35
Energy, MeV Energy, GeV
(a) Muon Rest Frame (b) Laboratory Frame

Figure 3.5: Number of decay electrons per unit energy, N (arbitrary units), value of the
asymmetry A, and relative figure of merit NA? (arbitrary units) as a function of electron
energy. Detector acceptance has not been incorporated, and the polarization is unity. For the
third CERN experiment and E821, E,,,, ~ 3.1 GeV (p, = 3.094 GeV/c) in the laboratory

frame.

The CERN and Brookhaven based muon (g —2) experiments stored relativistic muons of
the magic momentum in a uniform magnetic field, which resulted in the muon spin precessing
with constant frequency &,, while the muons traveled in circular orbits. If all decay electrons
were counted, the number detected as a function of time would be a pure exponential;
therefore we seek cuts on the laboratory observable to select subsets of decay electrons
whose numbers oscillate at the precession frequency. The number of decay electrons in
the MRF varies with the angle between the electron and spin directions, the electrons in
the subset should have a preferred direction in the MRF when weighted according to their
asymmetry as given in Equation 3.13. At p, ~ 3.094 GeV/c the directions of the electrons
resulting from muon decay in the laboratory frame are very nearly parallel to the muon
momentum regardless of their energy or direction in the MRF. The only practical remaining
cut is on the electron’s laboratory energy. An energy subset will have the desired property:
there will be a net component of electron MRF momentum either parallel or antiparallel
to the laboratory muon direction. For example, suppose that we only count electrons with
the highest laboratory energy, around 3.1 GeV. Let 2 indicate the direction of the muon
laboratory momentum. The highest-energy electrons in the laboratory are those near the
maximum MRF energy of 53 MeV, and with MRF directions nearly parallel to zZ. There are
more of these high-energy electrons when the p~ spins are in the direction opposite to Z than
when the spins are parallel to Z. Thus the number of decay electrons reaches a maximum
when the muon spin direction is opposite to Z, and a minimum when they are parallel. As
the spin precesses the number of high-energy electrons will oscillate with frequency w,. More
generally, at laboratory energies above ~ 1.2 GeV, the electrons have a preferred average
MRF direction parallel to z (see Figure 3.5). In this discussion, it is assumed that the
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spin precession vector, ,, is independent of time, and therefore the angle between the spin
component in the orbit plane and the muon momentum direction is given by w,t + ¢, where
¢ is a constant.

Equations 3.13 and 3.14 can be transformed to the laboratory frame to give the electron
number oscillation with time as a function of electron energy,

Ny(t, E) = Nao(E)e 771 + Ay(E) cos(wat + da(E))], (3.15)

or, taking all electrons above threshold energy Ej,
N(t, Em) = No(Ep)e [+ A(Ey,) cos(wat + ¢(Em))]. (3.16)

In Equation 3.15 the differential quantities are,

8y +y+1 )
Ag(F) =P—————, Ng(FE —1)(4dy* -5y —5 3.17
d(E) 42 —by—5’ do(E) o< (y — 1)(4y y—5), ( )
and in Equation 3.16,
2y + 1

N(Eu) o (e~ V(v + o +8), () = pLal2n L (3.18)

~Yih + Yen + 3

In the above equations, y = E/Eaz, Yin = Etn/Emaz, P is the polarization of the muon
beam, and F, Ey,, and E,,,, = 3.1 GeV are the electron laboratory energy, threshold energy,
and maximum energy, respectively.

L ) L

17 NA 1
. A

0.8— N 0.8

0.6— 0.6

04— 0.4

0.2— 0.2
Qb L TS A Y S S AN I B ‘
0 0.5 1 15 2 25 3 3.5 0 0.5 1 15 2 25 3 3.5

Energy, GeV Energy, GeV

(a) No detector acceptance or energy resolution (b) Detector acceptance and energy resolution
included included

Figure 3.6: The integral N, A, and N A? (arbitrary units) for a single energy-threshold as a
function of the threshold energy; (a) in the laboratory frame, not including and (b) including

the effects of detector acceptance and energy resolution for the E821 calorimeters discussed
below. For the third CERN experiment and E821, E,,,, ~ 3.1 GeV (p, = 3.094 GeV/c) in
the laboratory frame.

The fractional statistical error on the precession frequency, when fitting data collected
over many muon lifetimes to the five-parameter function (Equation 3.16), is given by

V2
Wq ZWfQTMN% A

Ow,

e =

(3.19)
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where N is the total number of electrons, and A is the asymmetry, in the given data sample.
For a fixed magnetic field and muon momentum, the statistical figure of merit is NA?, the
quantity to be maximized in order to minimize the statistical uncertainty.

The energy dependencies of the numbers and asymmetries used in Equations 3.15 and
3.16, along with the figures of merit N A?, are plotted in Figures 3.5 and 3.6 for the case
of E821. The statistical power is greatest for electrons at 2.6 GeV (Figure 3.5). When a fit
is made to all electrons above some energy threshold, the optimal threshold energy is about
1.7-1.8 GeV (Figure 3.6).

The resulting arrival-time spectrum of electrons with energy greater than 1.8 GeV from
the final E821 data run is shown in Fig. 3.7. While this plot clearly exhibits the expected
features of the five-parameter function, a least-square fit to these 3.6 billion events gives
an unacceptably large chi-square. A number of small effects must be taken into account to
obtain a reasonable fit, which will be discussed in detail in the section on systematic errors.

Y
10° W/\M/\/\MAA/V\

T

o
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o

Counts per 150 ns
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0 20 40 60 80 100
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Figure 3.7: Histogram, modulo 100 u s, of the number of detected electrons above 1.8 GeV
for the 2001 data set as a function of time, summed over detectors, with a least-squares fit
to the spectrum superimposed. Total number of electrons is 3.6 x 10°. The data are in blue,
the fit in green.
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3.6 The Magnetic Field

The rate at which the muon spin turns relative to its momentum (Eq. 3.11) depends on the
anomaly a, and on the average magnetic field given by Eq. 3.7. Thus the determination of
a, to sub-tenths of a ppm requires that both w, and (B) be determined to this level. The
muon beam is confined to a cylindrical region of 9 cm diameter, which is 44.7 m in length.
The volume of this region is ~ 1.14 m® or ~ 40 ft3, which sets the scale for the magnetic
field measurement and control. The E989 goal is to know the magnetic field averaged over
the muon distribution to an uncertainty of £70 parts per billion (ppb).
The problem breaks into several pieces:

1. Producing as uniform magnetic field as possible by shimming the magnet.

2. Stabilizing B in time at the sub-ppm level by feedback, with mechanical and thermal
stability.

3. Monitoring B to the 20 ppb level around the storage ring during data collection.

4. Periodically mapping the field throughout the storage region and correlating the field
map to the monitoring information without turning off the magnet between data col-
lection and field mapping. It is essential that the magnet not be powered off unless
absolutely necessary.

5. Obtaining an absolute calibration of the B-field relative to the Larmor frequency of
the free proton.

The only magnetic field measurement technique with the sensitivity needed to measure
and control the B-field to the tens of ppb is nuclear magnetic resonance (NMR). Pulsed
NMR was used, where a w/2 RF pulse rotated the spins and the resulting free-induction
decay (FID) was detected by a pickup coil around the sample. The E821 baseline design used
the NMR of protons in a water sample with a CuSO,4 additive that shortened the relaxation
time, with the probes tuned to operate in a 1.45 T field. When the water evaporated from
a few of the probes, the water was replaced with petrolium jelly, which the added features
of a smaller sensitivity to temperature changes and no evaporation.

Special nuclear magnetic resonance (NMR) probes [42, 2] were used in E821 to measure
and monitor the magnetic field during the experimental data collection.®> Three types of
probes were used: a spherical water probe that provided the absolute calibration to the free
proton; cylindrical probes that were used monitor the field during data collection and in an
NMR trolley to map the field; and a smaller spherical probe which could be plunged into
the muon storage region by means of a bellows system to transfer the absolute calibration
to the trolley probes. A collection of 378 cylindrical probes placed in symmetrically ma-
chined grooves on the top and bottom of the muon beam vacuum chamber gave a point
to point measure of the magnetic field while beam was in the storage ring. Probes at the
same azimuthal location but different radii gave information on changes to the quadrupole
component of the field at that location.

3The probes are described in Chapter 15
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The field mapping trolley contained 17 cylindrical probes arranged in concentric circles
as shown in Figure 3.8. At several-day intervals during the running periods, the beam
was turned off, and the field mapping trolley was driven around inside of the evacuated
beam chamber measuring the magnetic field with each of the 17 trolley probes at 6,000
locations around the ring. One of the resulting field maps, averaged over azimuth, is shown
in Figure 3.8(b).

375 fixed NMR probes
| £ 25 ppm
£ 4: )
/ E3
[V} 2: 1
v =
g 1 05
% o)1} 0
< -11 05
= [
17 trolley NMR probes £ -2 B
\ > E 5
-3f
4F 2
ST T . o ——— < xRN TR R 25 ppm
4-3-2 1012 3 4

radial distance (cm)

(b)

Figure 3.8: (a)The electrostatic quadrupole assembly inside a vacuum chamber showing the
NMR trolley sitting on the rails of the cage assembly. Seventeen NMR probes are located
just behind the front face in the places indicated by the black circles. The inner (outer) circle
of probes has a diameter of 3.5 cm (7 cm) at the probe centers. The storage region has a
diameter of 9 cm. The vertical location of three of the 180 upper fixed probes is also shown.
An additional 180 probes are located symmetrically below the vacuum chamber. (Reprinted
with permission from [2]. Copyright 2006 by the American Physical Society.) (b) A contour
plot of the magnetic field averaged over azimuth, 0.5 ppm intervals.

The absolute calibration utilizes a probe with a spherical water sample [7]. The Larmor
frequency of a proton in a spherical water sample is related to that of the free proton through
fu(sph — HyO,T) = [1 — o(Hy0,T)] fu(free), [8, 9] where o(H,0,T) = 25.790(14) x 107 is
from the diamagnetic shielding of the proton in the water molecule, determined from [10]

9p(H20,34.7°C) g,(H) g,(H)
9. (H) 9p(H) gp(free) ‘

The terms are: the ratio of the g-factors of the proton in a spherical water sample to
that of the electron in the hydrogen ground state (g;(H)) [10]; the ratio of electron to
proton g-factors in hydrogen [11]; the bound-state correction relating the g-factor of the
proton bound in hydrogen to the free proton [12, 13]. The temperature dependence is from
Reference [14]. An alternate absolute calibration would be to use an optically pumped *He
NMR probe [15]. This has several advantages: the sensitivity to the probe shape is negligible,
and the temperature dependence is also negligible. This option is being explored for E989.

The calibration procedure used above permits the magnetic field to be expressed in terms
of the Larmor frequency of a free proton, w,. The magnetic field is weighted by the muon

o(H,0,34.7°C) = 1 —

(3.20)



1665

1666

1667

1668

1669

1670

1671

1672

1673

1674

1675

1676

1677

1678

1679

1680

1681

1682

1683

1684

3.7. MEASURING THE MUON EDM: D, 63

distribution, and also averaged over the running time weighed by the number of stored
muons to determine the value of w, which is combined with the average w, to determine
a,. The reason for the use of these two frequencies, rather than B measured in tesla can be
understood from Eq. 3.11. To obtain a, from this relationship requires precise knowledge of
the muon charge to mass ratio.

To determine a, from the two frequencies w, and w,, we use the relationship

Wa /Wy R

_ _ 3.21
N —wafw, A —R (3:21)

where the ratio

Ay = pie /pp = 3.183345 137 (85) (3.22)

is the muon-to-proton magnetic moment ratio [16] measured from muonium (the p*e™ atom)
hyperfine structure[18]. Of course, to use A, to determine a,- requires the assumption of
CPT invariance, viz. (a,+ = a,-; Ay = A_). The comparison of R+ with R,- provides a
CPT test. In E821

AR =R,- —R,+ = (3.6 £3.7) x 107° (3.23)

3.7 Measuring the Muon EDM: d,

If an EDM is present, the measured frequency is the vector sum of two terms: the spin
motion from the torques fi x B and from d x E as shown in Eq. 3.10; &e,; = &, + &,. The
first term comes from the anomalous magnetic moment, a, and the second from the electric
dipole moment. The motional electric field is much larger than any electric field in the
lab, so the observed frequency & is (essentially) the vector sum of two orthogonal angular
frequencies, &, and ,. These two frequencies are shown in Fig. 3.9, where the EDM related
frequency w,, is greatly exaggerated.

Figure 3.9: The two frequencies present if the muon has both a magnetic and electric dipole
moment (not to scale). Note that the EDM w, is much smaller than w,. The muon spin
precession plane is tilted by an angle proportional to the particle’s EDM value.

Thus there are two effects due to an electric dipole moment:
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1. The observed frequency is the vector sum of w, and w;,, so the magnitude of the observed
frequency is increased from w, to

2
Wan = \JW2 + w2 = wey |1+ (gf) (3.24)

2. The spin precession plane is tilted (everywhere around the ring) by a (very small) angle

§ = tan~! % = tan~! (”5> (3.25)

Wq 2a
as shown in Fig. 3.9

The tilting of the spin precession plane everywhere around the ring, is very much like
there is a net radial magnetic field which when integrated around the ring is not zero. In a
ring with a purely magnetic field, the average radial B-field for a stored particle is zero, since
the particle adjusts its vertical position in the focusing system to ensure this. However, in the
presence of other forces, like vertical F-fields, gravity, etc., this is not strictly true and must
be taken into account for systematic error estimation. A major tool against these types
of systematic errors, which is only possible in a dedicated EDM storage ring experiment,
would be the ability to inject into the storage ring both in a clockwise (CW) and counter-
clockwise (CCW) sense, where the non-magnetic forces are kept the same while the EDM
signal changes sign.

The tipping of the plane of precession around the ring has an important implication for
the resulting decay positrons. As the muon spin turns with the frequency w,, following the
circle shown in Fig. 3.9, the EDM causes an up-down oscillation of the muon spin which is
out of phase by 7/2 with the (g — 2) precession. Thus the trajectories of the decay positrons
(electrons) will oscillate between upward-going to downward-going with the frequency w, out
of phase with w,. It was this effect which was searched for in the third (g — 2) experiment
at CERN, and in E821 at Brookhaven. At CERN one detector station was outfitted with
two scintillators, one just above the mid-plane, one just below.

Assuming the gain and acceptance of the upper and lower detectors are equal and the
storage ring and vertical detector mid-plane are identical, the number of electrons above (+)
or below (-) the mid-plane is given by/[4]

NE(t) oc [1 F A, sin(wt + ¢) + A, cos(wt + ¢)] (3.26)

where A, is proportional to d,,. A major source of systematic error arises if there is an offset
between the average vertical position of the beam and the position of the boundary between
the upper and lower detectors.

3.7.1 Search for d, in E821

In E821, three separate methods were used to search for the up-down oscillations[4]. Five-
element hodoscopes were placed in front of about half of the 24 electron calorimeters, and
the vertical centroid of the decay electron distribution was fit as a function of time. Five
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calorimeter stations had finer-grained hodoscopes which also provided the vertical electron
distribution of decay electrons as a function of time. One of the stations was equipped with
a straw tube array that gave both x and y information, so that the electron tracks could be
fit to search for the oscillation in upward- and downward-going tracks. These “traceback”
chambers were primarily designed to provide information on the muon distribution in the
storage ring[4], but turned out to be a powerful tool to search for the EDM signal. No
evidence for an up-down oscillation was seen, and the result is[4]

d, = (0.1£0.9) x 107 Pe—cm; |d,| < 1.9 x 10" ?e—cm (95% C.L.), (3.27)

a factor of five smaller than the previous limit.

3.7.2 Search for d, at Fermilab

Only the tracking detector in E821 had manageable systematic errors that could be reduced
significantly in a new experiment.



66

CHAPTER 3. OVERVIEW OF THE EXPERIMENTAL TECHNIQUE



1728

1729

1730

1731

1732

1733

1734

1735

1736

1737

1738

1739

1740

1741

1742

1743

1744

1745

1746

1747

1748

1749

1750

References

[1] J. Bailey, et al., Nucl. Phys. B150, 1 (1979).
[2] L.H. Thomas, Nature 117, (1926) 514 and Phil. Mag. 3 (1927) 1.
[3] Bargmann V, Michel L, Telegdi VL, Phys. Rev. Lett. 2:435 (1959)
[4] G.W. Bennett, et al., Phys. Rev. D 80, 052008 (2009).
[5] Bennett GW, et al. (The g — 2 Collab.) Phys. Rev. Lett. 92:161802 (2004)
[6] Bennett GW, et al.(The g — 2 Collab.) Phys. Rev. D, 73:072003 (2006)
[7] Fei X, Hughes V, Prigl R, Nucl. Inst. Methods Phys. Res. A394:349 (1997)
[8] Abragam A. In Principles of Nuclear Magnetism’, p. 173-178. Oxford U. Press, (1961)
[9] Mohr PJ, Taylor BH, Rev. Mod. Phys. 77:1 (2005)
[10] Phillips WD, et al. Metrologia 13:179 (1979)
[11] Winkler PF, Kleppner D, Myint T, Walther FG, Phys. Rev. A5:83 (1972)
[12] Lamb Jr. WE. Phys. Rev. 60:817 (1941)
[13] Grotch H, Hegstrom RA. Phys. Rev. A4:59 (1971)
[14] B.W. Petley et al. Metrologia.20, 81 (1984)
[15] J.L. Flowers, B.W. Petley and M.G. Richards, Metrologia 30, 75 (1993).

[16] Mohr PJ, Taylor BN, Newell DB, (CODATA recommended values). Rev. Mod. Phys.
80:633 (2008)

[17] James P. Miller, Eduardo de Rafael and B. Lee Roberts, Rept. Prog. Phys. 70, 795-881,
2007.

[18] W. Liu et al., Phys. Rev. Lett. 82, 711 (1999).
[19] The g — 2 Collaboration: R.M. Carey et al., Phys. Rev. Lett. 82, 1632 (1999).

[20] The g — 2 Collaboration: H.N. Brown et al., Phys. Rev. D 62, 091101 (2000).

67



68 REFERENCES

st [21] The g — 2 Collaboration: H.N. Brown et al., Phys. Rev. Lett. 86, 2227 (2001).

2 [22] The g — 2 Collaboration: G.W. Bennett et al., Phys. Rev. Lett. 89, 101804 (2002);
1753 Erratum-ibid. 89, 129903 (2002).



1754

1755

1756

1757

1758

1759

1760

1761

1762

1763

1764

1765

1766

1767

1768

1769

1770

1771

1772

1773

1774

1775

1776

1777

1778

1779

1780

1781

1782

1783

Chapter 4

The Physics of Muon Storage

In this chapter we discuss the behavior of a beam in a weak-focusing betatron, and the
features of the injection of a bunched beam that are important in the determination of w,.
We also discuss the corrections to the measured frequency w, that come from the the vertical
betatron motion, and the fact that not all muons are at the magic momentum (central radius)
in the storage ring. The final section of this chapter discusses the systematic errors that come
from the pion and muon beamlines.

The behavior of the beam in the (g — 2) storage ring directly affects the measurement
of a,. Since the detector acceptance for decay electrons depends on the radial coordinate
of the muon at the point where it decays, coherent radial motion of the stored beam can
produce an amplitude modulation in the observed electron time spectrum. Resonances in
the storage ring can cause particle losses, thus distorting the observed time spectrum, and
must be avoided when choosing the operating parameters of the ring. Care is taken in setting
the frequency of coherent radial beam motion, the “coherent betatron oscillation” (CBO)
frequency, which lies close to the second harmonic of f, = w,/(27). If fcpo is too close to
2f,, the beat frequency, f_ = fopo — fa, complicates the extraction of f, from the data, and
can introduce a significant systematic error.

A pure quadrupole electric field provides a linear restoring force in the vertical direction,
and the combination of the (defocusing) electric field and the central magnetic field provides
a linear restoring force in the radial direction. The (g —2) ring is a weak focusing ring[1, 2, 3]
with the field index

. IiR()

"7 BBy

where k is the electric quadrupole gradient, By is the magnetic field strength, R, is the

magic radius = 7112 mm, and [ is the relativistic velocity of the muon beam. For a ring

with a uniform vertical dipole magnetic field and a uniform quadrupole field that provides

vertical focusing covering the full azimuth, the stored particles undergo simple harmonic
motion called betatron oscillations, in both the radial and vertical dimensions.

The horizontal and vertical motion are given by

(4.1)

T =1z,+ A, cos(uri +6,) and y=A4, cos(l/yi +6y), (4.2)
Ro RO

where s is the arc length along the trajectory. The horizontal and vertical tunes are given
by v, = v/1 —n and v, = y/n. Several n - values were used in E821 for data acquisition:
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n = 0.137, 0.142 and 0.122. The horizontal and vertical betatron frequencies are given by
fx = f vV1—nc~ 0.929fc and fy = fc\/ﬁ =~ 0.37fc, (43)

where fo is the cyclotron frequency and the numerical values assume that n = 0.137. The
corresponding betatron wavelengths are Ag, = 1.08(2mRy) and \g, = 2.7(2mRy). It is
important that the betatron wavelengths are not simple multiples of the circumference,
as this minimizes the ability of ring imperfections and higher multipoles to drive resonances
that would result in particle losses from the ring.

The field index also determines the angular acceptance of the ring. The maximum hori-
zontal and vertical angles of the muon momentum are given by

max 1-— max
gr _ TmaV1Zn g g YmeVT (4.4)

max R ) max R
0 0

where Tyax, Ymax = 45 mm is the radius of the storage aperture. For a betatron amplitude
A, or Ay less than 45 mm, the maximum angle is reduced, as can be seen from the above
equations.

The Storage-ring § Function (Note the Offsets)
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Figure 4.1: (a) The horizontal (radial) and vertical beta functions for the E821 lattice. Note
the scale offset. (b) The horizontal (radial) and vertical alpha functions for the E821 lattice.
The n-value is 0.134 for both. (From Ref. [§]

For a ring with discrete quadrupoles, the focusing strength changes as a function of
azimuth, and the equation of motion looks like an oscillator whose spring constant changes
as a function of azimuth s. The motion is described by

x(s) = x. + Ay/B(s) cos(¢(s) + 6), (4.5)

where [(s) is one of the three Courant-Snyder parameters.|2]
The layout of the storage ring is shown in Figure 3.4. The four-fold symmetry of the
quadrupoles was chosen because it provided quadrupole-free regions for the kicker, traceback
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chambers, fiber monitors, and trolley garage; but the most important benefit of four-fold
symmetry is to reduce the peak-to-peak betatron oscillation amplitudes, with 1/Smax/Bmin =
1.03. The beta and alpha functions for the (¢ — 2) storage ring [8] are shown in Fig. 4.1.
fix this part
average magnetic field weighted by the muon distribution that appears in the w, equation

2 — —

ﬁ B
n Qe a#BJr(au—(m))ﬁx
P C

T m

Resonances in the storage ring will occur if Lv, + My, = N, where L, M and N are
integers, which must be avoided in choosing the operating value of the field index. These
resonances form straight lines on the tune plane shown in Figure 4.2, which shows resonance
lines up to fifth order. The operating point lies on the circle 2 + 2 = 1.

. (4.6)

0.45

0.40

0.35

0.30

0.25 LY 7 1 v
080 085 090 095 1.00 X

Figure 4.2: The tune plane, showing the three operating points used during our three years
of running.

The detector acceptance depends on the radial position of the muon when it decays, so
that any coherent radial beam motion will amplitude modulate the decay e* distribution.
This can be understood by examining Fig. 4.3. A narrow bunch of muons starts its radial
betatron oscillation at the point s = 0. The circumference of the ring is 27p so the x-axis
shows successive revolutions around the ring. The radial betatron wavelength is longer than
the circumference 2mp. The rate at which the muon bunch moves toward and then away
from the detector is given by fepo = fo — f.. The CBO wavelength is slightly over 14
revolutions of the ring.

I would probably remove this paragraph since it only provides historical con-
text to the CBO and the previous section already describes its effects.
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le=— AC—>1

le=— Ay —=I (radial)

X

u

0

0 I 2np I 4mp I / 6mp I S

CBO
a detector

Figure 4.3: A cartoon of the coherent betatron motion (CBO). The radial CBO oscillation
is shown in blue for 3 successive betatron wavelengths, the cyclotron wavelength (the cir-
cumference) is marked by the black vertical lines. One detector location is shown. Since the
radial betatron wavelength is larger than the circumference, the detector sees the bunched
beam slowly move closer and then further away. The frequency that the beam appears to
move in and out is fopo .

The presence of the CBO was first discovered in E821 from a plot that showed an az-
imuthal variation in the value of a, shown in Fig. 4.4(a). When the CBO is included, this
azimuthal dependence disappears. Because the CBO wavelenth is only slightly greater than
the circumference, its effect washes out when all detectors are added together. Adding all
detectors together was one of the techniques used in E821 to eliminate CBO effect. Since
some detectors saw more injection flash than others, this meant that data at times earlier
than around 40 us was discarded in those analyses. Other analyzers included the CBO and
were able to use data from the “quiet” detectors at earlier times.

/27 [kHz]

229.074

229.073

229.072

229.071

229.07

229.069

229.068

229,067+l

PN IR AN P B
10 12 14 16 18 20 22 24
Detector number

4 6 8

(a) No CBO in Fit

/27 [kHz]

229.074

229.073

229.072

229.071

229.07—

229.069

229.068

229,067+ Lo Ly ey

sl e b b b L
10 12 14 16 18 20 22 24
Detector number

(b) CBO in Fit

Figure 4.4: The dependence of the extracted value of a, vs. detector number. (a)With no
CBO in the fit function. (b) With CBO included in the fit function.

The principal frequency will be the “Coherent Betatron Frequency,”

fCBO = fC’ - fac

(1 —+v1—n)fe~470 kHZ,

(4.7)

120 which is the frequency at which a single fixed detector sees the beam coherently moving
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back and forth radially. This CBO frequency is close to the second harmonic of the (g — 2)
frequency, f, = w, /27 ~ 228 Hz.

An alternative way of thinking about the CBO motion is to view the ring as a spec-
trometer where the inflector exit is imaged at each successive betatron wavelength, Ag,. In
principle, an inverted image appears at half a betatron wavelength; but the radial image is
spoiled by the +0.3% momentum dispersion of the ring. A given detector will see the beam
move radially with the CBO frequency, which is also the frequency at which the horizontal
waist precesses around the ring. Since there is no dispersion in the vertical dimension, the
vertical waist (VW) is reformed every half wavelength Az /2. A number of frequencies in
the ring are tabulated in Table 4.1

Table 4.1: Frequencies in the (g — 2) storage ring, assuming that the quadrupole field is
uniform in azimuth and that n = 0.137.

Quantity | Expression | Frequency [MHz] | Period [us]
f < a,B | 0.228 4.37

fe . 6.7 0.149

f V1—nf. |6.23 0.160

£, Vit 2.48 0.402
feso fe—Ta 0.477 2.10

fvw fe—2f, 1.74 0.574

The CBO frequency and its sidebands are clearly visible in the Fourier transform to the
residuals from a fit to the five-parameter fitting function Equation 3.16, and are shown in
Figure 4.5. The vertical waist frequency is barely visible. In 2000, the quadrupole voltage
was set such that the CBO frequency was uncomfortably close to the second harmonic of
fa, thus placing the difference frequency f- = fopo — f. next to f,. This nearby sideband
forced us to work very hard to understand the CBO and how its related phenomena affect
the value of w, obtained from fits to the data. In 2001, we carefully set fopo at two different
values, one well above, the other well below 2f,, which greatly reduced this problem.

4.0.3 Monitoring the Beam Profile

Two tools are available to us to monitor the muon distribution. Study of the beam de-
bunching after injection yields information on the distribution of equilibrium radii in the
storage ring. The traceback chambers will provide information on the vertical centroid along
with the vertical distribution of the beam.

The beam bunch that enters the storage ring is expected to have a time spread with of
around ~ 100 ns, while the cyclotron period is 149 ns. The momentum distribution of stored
muons produces a corresponding distribution in radii of curvature. The distributions depend
on the phase-space acceptance of the ring, the phase space of the beam at the injection point,
and the kick given to the beam at injection.
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Figure 4.5: The Fourier transform to the residuals from a fit to the five-parameter function,
showing clearly the coherent beam frequencies. (a) is from 2000, when the CBO frequency
was close to 2w,, and (b) shows the Fourier transform for the two n-values used in the 2001
run period.

There are too many time constants in this paragraph, 23 ns, 60 us , 36 us ,
149 ns. I would probably unify the 36 and 60 ys numbers somehow to avoid
confusion.

With the E821 inflector magnet, the narrow horizontal dimension of the beam at the
injection point, about 18 mm, restricts the stored momentum distribution to about +0.3%.
As the muons circle the ring, the muons at smaller radius (lower momentum) eventually
pass those at larger radius repeatedly after multiple transits around the ring, and the bunch
structure largely disappears after 60 ps . This de-bunching can be seen in the E821 data
(0 ~ 23 ns) in Figure 4.6 where the signal from a single detector is shown at two different
times following injection. The bunched beam is seen very clearly in the left figure, with
the 149 ns cyclotron period being obvious. The slow amplitude modulation comes from the
(g — 2) precession. By 36 us the beam has largely de-bunched.

Only muons with orbits centered at the central radius have the “magic” momentum,
so knowledge of the momentum distribution, or equivalently the distribution of equilibrium
radii, is important in determining the correction to w, caused by the radial electric field used
for vertical focusing. Two methods of obtaining the distribution of equilibrium radii from
the beam debunching are employed in E821. One method uses a model of the time evolution
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Figure 4.6: The time spectrum of a single calorimeter soon after injection. The spikes are
separated by the cyclotron period of 149 ns.
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Figure 4.7: The distribution of equilibrium radii obtained from the beam de-bunching. The
solid circles are from a de-bunching model fit to the data, and the dotted curve is obtained
from a modified Fourier analysis.

of the bunch structure. A second, alternative procedure uses modified Fourier techniques|7].
The results from these analyses are shown in Figure 4.7. The discrete points were obtained
using the model, and the dotted curve was obtained with the modified Fourier analysis.
The two analyses agree. The measured distribution is used both in determining the average
magnetic field seen by the muons and the radial electric field correction discussed below.

The scintillating-fiber monitors show clearly the vertical and horizontal tunes as expected.
In Figure 4.8, the horizontal beam centroid motion is shown, with the quadrupoles powered
asymmetrically during scraping, and then symmetrically after scraping. A Fourier transform
of the latter signal shows the expected frequencies, including the cyclotron frequency of
protons stored in the ring. The traceback system also sees the CBO motion.
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Figure 4.8: (a) The horizontal beam centroid motion with beam scraping and without, using
data from the scintillating fiber hodoscopes; note the tune change between the two. (b) A
Fourier transform of the pulse from a single horizontal fiber, which shows clearly the vertical
waist motion, as well as the vertical tune. The presence of stored protons is clearly seen in
this frequency spectrum.

4.0.4 Corrections to w,: Pitch and Radial Electric Field

In the simplest case, the rate at which the spin turns relative to the momentum is given by

g—2\ Qe , Qe
2) - —ap (4.8)

Wg = Wg — Wg = — (
The spin equation modified by the presence of an electric field was introduced earlier, with
the assumption that the velocity is transverse to the magnetic field, and that all muons are
at Ymagic- Neither of these assumptions are valid, since the vertical betatron motion must be
included, and the momentum acceptance of +0.5% means the muon ensemble has a range
of momenta. Corrections for these two effects were the only corrections made to the data
In E821. In the 2001 data set, the electric field correction for the low n-value data set was
+0.47 4+ 0.05. The pitch correction was +0.27 + 0.04. These are the only corrections made
to the w, data.
We sketch the derivation for E821 and E989 below[4]. For a general derivation the reader
is referred to References [5, 6].

Without the assumption that E - B = 0 the cyclotron and spin rotation frequencies

become:
B v (BxE
4;;7 - ,YQ o 1 (: c :) 9 (Zl.g))
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10 and the spin precession frequency becomes|[?]

Ws

1901

1 — - - = 3 E
(9 g4l B—<9—1)7(5-B)5— 9_ 1 )L (4.10)
m |\ 2 vy 2 v+1 2 ~+1 c
w0 Substituting for a, = (g, — 2)/2, we find that the spin difference frequency is
- q = Y N 1 Ex E

a = a,B —a, (’H‘1> (B-B)S — (a“_72—1> . (4.11)

If 5 B= 0, this reduces to
- q = 1 B x E
o = — ;;i (ZIL_EB — (i(llt - fy2 — -1:> c (11‘ ]'22)
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For Ymagic = 29.3 (p, = 3.09 GeV/c), the second term vanishes; and the electric field does
not contribute to the spin precession relative to the momentum. The spin precession is
independent of muon momentum; all muons precess at the same rate. Because of the high
uniformity of the B-field, a precision knowledge of the stored beam trajectories in the storage
region is not required.

First we calculate the effect of the electric field, for the moment neglecting the E - B term.
If the muon momentum is different from the magic momentum, the precession frequency is

given by
E 1
P =we 1 == (1 — —— . 4.1
“a w[ ﬁBy( %5272)1 413)

Using p = fym = (pm + Ap), after some algebra one finds
Wy —Wa  Aw, 26Er Ap
Wo  wa By \pm/)
Thus the effect of the radial electric field reduces the observed frequency from the simple
frequency w, given in Equation ??. Now
A Ze
B9 (AR ze,
Pm RO Ro
where . is the muon’s equilibrium radius of curvature relative to the central orbit. The
electric quadrupole field is

(4.14)

AR

= (1—n) (4.15)

B
E=krx = nf%oya:. (4.16)
We obtain A
w Tx
—— — _9n(1 = 2 © 4.17
w Tl( Tl)/g ]{%_Zgy ) ( )

so clearly the effect of muons not at the magic momentum is to lower the observed frequency.

For a quadrupole focusing field plus a uniform magnetic field, the time average of x is just

T, SO the electric field correction is given by
_ Aw

2
_ . 2 <xe>
Cg = = 2n(l1 —n)p R2B,

(4.18)
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where (z?) is determined from the fast-rotation analysis (see Figure 4.6). The uncertainty
on {x?) is added in quadrature with the uncertainty in the placement of the quadrupoles of

dR = £0.5 mm (£0.01 ppm), and with the uncertainty in the mean vertical position of the
beam, 1 mm (£0.02 ppm). For the low-n 2001 sub-period, C'r = 0.47 4 0.054 ppm.

Figure 4.9: The coordinate system of the pitching muon. The angle v varies harmonically.
The vertical direction is § and 2 is the azimuthal (beam) direction.

The vertical betatron oscillations of the stored muons lead to E . B = (. Since the E .B
term in Equation 4.10 is quadratic in the components of 5 , its contribution to w, will not
generally average to zero. Thus the spin precession frequency has a small dependence on the
betatron motion of the beam. It turns out that the only significant correction comes from the
vertical betatron oscillation; therefore it is called the pitch correction (see Equation ?7). As
the muons undergo vertical betatron oscillations, the “pitch” angle between the momentum
and the horizontal (see Figure 4.9) varies harmonically as ¢ = vy cosw,t, where w, is the
vertical betatron frequency w, = 27 f,, given in Equation 4.3. In the approximation that all
muons are at the magic v, we set a, — 1/(7* — 1) = 0 in Equation ?? and obtain

-/ q Y 2 D\A
Wy = —— [%B —ay (’M) (8- B)ﬁ] ) (4.19)

where the prime indicates the modified frequency as it did in the discussion of the radial
electric field given above, and &, = —(¢/m)a,B. We adopt the (rotating) coordinate system

shown in Figure 4.9, where ﬁ lies in the zy-plane, z being the direction of propagation, and y
being vertical in the storage ring. Assuming B = yB,, B = 2B, + 9By = 2B cos + yBsin,
we find

Wy = _%[augBy —au (’y:ly-1> ByBy(28. + 9By)]- (4.20)

The small-angle approximation cosy ~ 1 and sin ~ 1 gives the component equations

Why = Wa [1 — (T) zp?] (4.21)

Wl = —w, <H> . (4.22)

and
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Rather than use the components given above, we can resolve w/, into components along
the coordinate system defined by 5 (see Figure 4.9) using the standard rotation formula.
The transverse component of w’ is given by

Wi = W), cos Y — w,, siny. (4.23)
Using the small-angle expansion for cost ~ 1 —1?/2, we find

_ﬂ.

; (4.24)

W] > Wy [1
As can be seen from Table 4.1, the pitching frequency w, is an order of magnitude larger

than the frequency w,, so that in one g—2 period wy oscillates more than ten times, thus
averaging out its effect on w/, so w/, >~ w,. Thus

q Y? q Picosiw,t
Wy =~ __-;;ZCZLngy (;1 — f2:> = ‘—';;i(lﬁblgy (;1 — “Jg“‘gé““gif . (4L.2£3)

Taking the time average yields a pitch correction

W Wh) . n(?)
Cp=—"5" =~ Y (4.26)

where we have used Equation 4.4 (¢2) = n(y*)/R2. The quantity (y2) was both determined
experimentally and from simulations. For the 2001 period, €}, = 0.27 4 0.036 ppm, the
amount the precession frequency is lowered from that given in Equation 4.6 because E B #0.

We see that both the radial electric field and the vertical pitching motion lower the
observed frequency from the simple difference frequency w, = (e/m)a, B, which enters into
our determination of a, using Equation 3.21. Therefore our observed frequency must be
increased by these corrections to obtain the measured value of the anomaly. Note that if
wy =~ w, the situation is more complicated, with a resonance behavior that is discussed in
References [5, 6].
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Chapter 5

Statistical and Systematic Errors for
E989

E989 must obtain twenty-one times the amount of data collected for E821. Using the T’
method to evaluate the uncertainty, 1.8 x 10! events are required in the final fitted histogram
to realize a 0.10 ppm statistical uncertainty. The systematic errors on the anomalous pre-
cession frequency w,, and on the magnetic field normalized to the proton Larmor frequency
wp, must be reduced by a factor of three, down to the +0.07 ppm level. E989 will have three
main categories of uncertainties:

e Statistical. The least-squares or maximum likelihood fits to the histograms describing
decay electron events vs. time in the fill will determine w,, the anomalous precession
frequency. The uncertainty dw, from the fits will be purely statistical (assuming a good
fit). A discussion of the fitting sensitivity using various weighting schemes is given in
Chapter 16, Section 16.2. The final uncertainty depends on the size of the data set
used in the fit, which in turn depends on the data accumulation rate and the running
time. These topics are discussed here.

e w, Systematics. Additional systematic uncertainties that will affect dw, might be
anything that can will cause the extracted value of w, from the fit to differ from the
true value, beyond statistical fluctuations. Categories of concern include the detection
system (e.g., gain stability and pileup immunity), the incoming beamline (lost muons,
spin tracking), and the stored beam (coherent betatron oscillations, differential decay,
E and pitch correction uncertainties). These topics are discussed in Chapter ?7.

e w, Systematics. The magnetic field is determined from proton NMR in a procedure
described in Chapter 15. The uncertainties are related to how well known are the
individual steps from absolute calibration to the many stages of relative calibration
and time-dependent monitoring. The “statistical” component to these measurements
is negligible.

The purpose of this chapter is twofold. First, we summarize the event-rate calculation
from initial proton flux to fitted events in the final histograms in order to determine the
running time required to meet the statistical goals of the experiment. We also gather the
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results of many systematic uncertainty discussions that are are described in various chapters
throughout this document and roll up the expected systematic uncertainty tables for E989.

5.1 Event Rate Calculation Methodologies

The E989 Proposal [1] event rate estimate was made by making a relative comparison
approach using like terms with respect to the known situation for rates in the E821 BNL
experiment. Many factors allow for trivial adjustments (proton fills per second, kinematics
of the decay line length, kinematics of the decay line capture), while others rely on expected
improvements in specific hardware components (optimized storage ring kicker pulse shape
and magnitude, open-ended inflector, thinner Q1 outer plate and standoffs). In E821, the
transmission through the inflector, passage through the Q1 outer plates and the kick onto
the orbit all multiply to give the storage ring efficiency, but individually the contribution
from each is not known as well as the product. However, we can deduce the realized stored
muon fraction compared to the incoming muon beam intensity. For the new experiment,
each of these beam-storage elements is being optimized and we can make good estimates of
the expected improvement.

We are also developing a stand-alone bottom up approach in which each factor is
individually studied or measured to obtain the final event rate. While not complete at this
time, this approach is converging with several factor represented by a range, owing to ongoing
design development. We present our progress on this approach in the section that follow the
Relative Comparison discussion.

5.1.1 Event Rate by a Relative Comparison to E821

Table 5.1 contains a sequential list of factors that affect the event rate from proton on target
to events in the final histogram. It is modified, where appropriate, compared to the 2010
Proposal based on new information and studies to date.

A pion production calculation using MARS was made to estimate the number of 3.1 GeV /¢
pions emitted into the accepted phase space of the AP2 line. From this point, a conserva-
tive approach was to compare known factors between the muon capture and transmission
at Fermilab to those same factors at BNL. Many of the factors are relatively trivial to com-
pute, while others rely on our detailed Decay Turtle simulations of the BNL lattice and
modifications of this lattice for Fermilab. We are in the process of a complete end-to-end
calculation of the beamline, but this work will take additional time. In the comparison to
BNL approach, we find the important increase of stored muons per incident proton of 11.5,
assuming an improved kicker and an open-ended inflector. We require a factor of at least
6 for an experiment that can be done in less than 2 years. We use the factor of 6 in our
beam estimates, thus introducing a “beam-time contingency” factor of nearly 100% from
the beginning. Experience from E821 suggests that 1 month of setup time with beam will
be required before “good” data are obtained and an integrated second month devoted to
systematic studies will be distributed throughout the data collection period. We assume
a possibly aggressive 75% factor the the efficiency of data taking during normal running.
The down time includes the accelerator complex inefficiency (unknown to us for this new
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operation) and the time to be spent mapping the magnet with the trolley (mapping will take
place whenever the accelerator is down or will interrupt data taking periodically if the un-
interrupted machine uptime exceeds, for example, 2 days. Mapping will take approximately
3 hours. The origin of each factor in Table 5.1, is explained in a series of notes following the
Table. Notes explaining entries in Table 5.1 and comparison remarks to what was assumed

Table 5.1: Event rate calculation using known factors and a comparison to the realized stored
muon fraction at BNL. This table has been updated compared to the 2010 E989 Proposal.

Item Value Rates | Note
Booster cycle (BC) - 15 Hz operation 1.33 s/BC 0.75 BC/s 1
Proton Batches to g—2 4/BC 3 batch/s 2
Proton Bunches — fill 4 /batch 12 fill/s 3
Protons on target 10'2 p/bunch | 1.2 x10¥ p/s | 4
BNL realized stored p/p efficiency 1 x107% u/p 5
FNAL estimated u/p improvement factor 6 6000 p/fill 6
Positrons accepted with £ > 1.8 GeV 0.15 720 et /fill 7
Positrons with ¢t > 30 us 0.63 567 et /fill 8
Number of fills for 1.8 x 10! events 3.17 x 108 fills 9
DAQ and experiment production uptime 0.75 10
Time (months) to collect statistics 14 months 11
Commissioning time for new setup 2 months 12
Systematic studies (data not included in final fits) 2 month s| 13
Net data taking time 18 months 14

in the E989 Proposal.

1

15 Hz Booster operation remains a valid assumption.

Neutrino program uses 12 out of 20 batches; 8 out of 20 are in principle available, but
preparation of the 4 separated bunches of proton in the Recycler requires two Booster
cycles. Therefore, only 4 of the 8 can be used. This is a change compared to the
Proposal, which assumed 6/8 were useable.

Subdivision in Recycler of each batch into 4 “bunches” with roughly equal intensity
of &~ 1 x 102 p/bunch. Each is extracted separately with ~ 12 ms spacing and each
initiates a storage ring “fill.”

Expected proton intensity per Bunch, or per fill, striking target.

Measured stored muon fraction per 24-GeV proton on target at BNL per 10'2 p (Tp).
This number rolls up individual factors including the FODO line length, the non-
forward muon acceptance used to minimize the hadronic flash, the transmission through
the closed-ended inflector, the losses in the outer Q1 quadrupole plate and standoffs,
and the sub-optimal storage ring kicker efficiency
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The improvement factor was estimated by comparing to the known situation at BNL.
We arrive at the following factors: x0.4 for the reduced pion yield; x1.8 for the AP2
line with smaller beta function; x2 for the longer decay channel; x3 for the forward
decay optimal muon tune; x1.33 for opening up the pion momentum acceptance; x2
for the open inflector and improved kicker = 11.5. We use a factor of 6 to be very
conservative. The factors here are most important at this Conceptual Design phase.

Monte Carlo acceptance of 15% for events with energy above 1.8 GeV and striking the
front face of one of the 24 calorimeter stations.

. Assume fit can be started at 30 us, this factor represents those muons that have not

yet decayed.

Given the accepted fraction of events per fill listed in row above, this row gives the
required number of fills to obtain the full statistical precision (not systematic studies
or startup).

Estimate of the uptime for the experiment and accelerator complex during steady-state
data production running. Downtime will occur from accelerator issues related to the
new operational modes and to routine maintenance and servicing; time required by the
experiment to run trolley field mapping program (typically 3 h / 2 days), and ordinary
DAQ and experimental issues requiring intervention. This is a slight aggressive number.

Estimate of 2 months to commission the new experiment and machine operation se-
quence. This is based, in part, on past experience at BNL, and new configuration at
FNAL.

Estimate of periodic dedicated systematic study weeks during data taking periods.
These are crucial to establish uncertainties, but this data typically will not be included
in the final statistics.

Net data taking in months.
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5.1.2 Bottom-Up Event Rate Calculation

Table 5.2 contains a sequential list of factors that affect the event rate based on a bottom-up
approach. We include a column here, where appropriate, with an uncertainty factor if it is
large enough to significantly affect the outcome. As in the previous section, the last column
points to a list of Notes that explain the individual entries. Notes explaining entries in

Table 5.2: Event rate calculation using a bottom-up approach.

Item Estimate | CDR Reference | Note
Protons per fill on target 1012 p 7.3 1
Positive-charged secondaries with dp/p = £2% 777 7.4.1 2
7T fraction of secondaries 0.45 777 74.1 2
7+ flux entering FODO decay line > 2 x 107 7.4.1 2
Pion decay to muons in 220 m of M2/M3 line 0.72 3
Muons captured fraction with dp/p< £2.0% 0.0036 DocDB 895 4
Muon survival to storage ring 0.90 - )
Muons arriving at front of inflector per fill 4.7 x 10* -
Transmission and Storage Simulation 0.10 £0.04 10.5.1 6
Stored muons per fill (4.7+1.9) x 10° -1 6
Positrons accepted per fill (factors 0.15 x 0.65) 450 £ 180 See Table 5.1 —
Number of fills for 1.8 x10'" events (1.4 £0.4) x 10® fills -
Time (months) to collect statistics (13 £ 5) months
Commissioning time for new setup 2 months
Systematic studies (data not included in final fits) 2 months
Net data taking time 17 £ 5 months
Table 5.2.
1. Same starting point as in Table 5.1.
2. MARS calculation, backed up with 2012 measurement. Assumes improved proton
spot size on target to 0.15 mm, which increases the yield by 40 — 60% compared to
the measured rates at 0.5 mm spot size. Assumes 40-mm-mr emittance. Measurement
verifies yield of positive particles. Simulation shows that 45% of them are pions. The
target yield could increase by 14 — 22% if the target geometry were further optimized,;
see Fig. 7.10 and the text in that section.
3. Pion decay length = 173 m. M2 line = 115.6 m; M3 = 96.7 m; use 220 m total.
4. Preliminary fraction based on a phase Space simulations assuming pion emittance =
beam admittance = 40 mm mrad both in x and y; pions fill the phase space uniformly;
muon momentum: pPragic = 0.5%; These studies are being repeated using full Monte
Carlo with G4Beamline. See Tishchenko and Morse, DocDB 895.
5. Transmission to storage ring; survive 1800 m; (¢y7), = 19280m.




2103

2104

2105

2106

2107

2108

2109

2110

2111

2112

2113

2114

2115

2116

2117

88

CHAPTER 5. STATISTICAL AND SYSTEMATIC ERRORS FOR E989

6. Average results form studies of transmission through the inflector, through the outer

Q1 quadrupole and standoffs, and then kicked onto orbit and stored. The kicker is
assumed to be perfect and that its kick width covers the entire incoming pulse train
(to be determined). The inflector is modeled as having either closed ends, as in the
present E821 inflector that will be used initially, or as open-ended, meaning a material
free version of the same device. Additional studies look at not only an open inflector,
but also a large one. We do not include that here. The Q1 and standoff intercept the
incoming beam. If they were massless, a greater fraction of muons is stored. Plans
are in place to reduce mass and move the standoffs. The tranmission fraction for a
0.5% dp/p muon beam ranges from 6.5% to 14.5% depending on mass options used
for inflector and Q1. We take a central value of 10% here and propagate the range
of uncertainty, which depends on what will be built. The simulation is described in
10.5.1.

I have to finish these comments but something feels wrong in the rate ... too
high now



2118

2119

2120

2121

2122

2123

2124

2125

5.2. wa SYSTEMATIC UNCERTAINTY SUMMARY 89

Table 5.3: The largest systematic uncertainties for the final E821 w, analysis and proposed
upgrade actions and projected future uncertainties for data analyzed using the T" method.
The relevant Chapters and Sections are given where specific topics are discussed in detail.

E821 Error Size | Plans for E989 Improvements Goal | Chapter &
[ppm] [ppm] Section

Gain changes | 0.12 | Better laser calibration

low-energy threshold 0.02 7?7
Pileup 0.08 | Low-energy samples recorded

calorimeter segmentation 0.04 ??
Lost muons 0.09 | Better collimation in ring 0.02
CBO 0.07 | Higher n value (frequency)

Better match of beamline to ring | < 0.03
E and pitch 0.05 | Improved traceback

Precise storage ring simulations 0.03
Total 0.18 | Quadrature sum 0.07

5.2 w, systematic uncertainty summary

Our plan of data taking and hardware changes address the largest systematic uncertainties
and aims to keep the total combined uncertainty below 0.07 ppm. Experience shows that
many of the “known” systematic uncertainties can be addressed in advance and minimized,
while other more subtle uncertainties appear only when the data is being analyzed. Because
we have devised a method to take more complete and complementary data sets, we anticipate
the availability of more tools to diagnose such mysteries should they arise. Table 16.1
summarizes this section.
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Table 5.4: Systematic uncertainties estimates for the magnetic field, w,, measurement. The
final E821 values are given for reference and the proposed upgrade actions are projected.
Note, several items involve ongoing R&D, while others have dependencies on the uniformity
of the final shimmed field, which cannot be known accurately at this time. The relevant
Chapters and Sections are given where specific topics are discussed in detail.

E821 Error | Size | Plans for E989 Improvements Goal | Chapter &

[ppm)] [ppm)| Section
Some Item | 0.0X | Improved blah blah blah 0.02* 15
Some Item | 0.0X | Depends on field uniformity 0.03** 15
Total 0.18 | Quadrature sum (see notes below) | 0.085

*We have an R&D plan here to try to lower this systematic uncertainty
**We can better assess this systematic error only after the Field has been mapped

5.3 w, systematic uncertainty summary

The magnetic field is mapped by use of NMR probes. A detailed discussion is found in
Chapter 15. Here we produce a summary Table of the expected systematic uncertainties.
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